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Preface

Fractional Order Calculus has existed for over 300 years as an abstract mathe-
matical concept. A renewed interest among the research community has come in
the last few decades as fractional calculus has found applications in numerous
science and engineering disciplines. Signal processing and control systems are two
broad disciplines where fractional calculus has percolated to a substantial extent.
Though there are a few books on fractional order calculus and fractional control
systems, there are none on Fractional Order Signal Processing (FOSP). The idea of
writing this book is to serve as a starting point for researchers interested in FOSP
techniques.

Conventional Digital Signal Processing (DSP) deals with rational pole-zero
models of FIR/IIR structures and looks at stability, causality, etc. of these models.
Many physical signals and other phenomena have been shown to possess inher-
ently fractional order dynamics and hence fractional calculus is naturally able to
model these processes with greater accuracy. Hence we believe that fractional
order signal and system theory will play a pivotal role in the coming eras of
scientific development.

Theory of Statistical Signal Processing developed in parallel with DSP to
analyze and handle signals with stochastic disturbances. However the major
contributions in the field of Adaptive and Statistical Signal Processing have
implicitly assumed the underlying probability distribution of the random variables
to be Gaussian. Though this assumption works for some simplified cases, it does
not deal with all possible real world scenarios where the distribution is inherently
non-Gaussian. Among the many non-Gaussian random variables, a family of stable
distributions which are capable of modeling signals with bursty nature have been
found to effectively model many real world phenomena. These stable distributions
can also be modeled from the perspective of fractional calculus and serve as the
building blocks of fractional order Statistical Signal Processing.

Fourier transform and conventional filtering in Laplace (s) or z domain are
widely used techniques in DSP. Fractional Fourier Transform (FrFT) extends this
notion of frequency domain analysis to a more generalized time—frequency
representation of the signal and can be used to separate the undesired component
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viii Preface

from the desired signal, even in cases where the integer order Fourier transform
techniques fail. Classical Fourier Transform finds application in analyzing the
desired and undesired components of a corrupted signal and the frequency domain
information of a signal is usually used to design analog or digital filters. The
flexibility of FrFT of any arbitrary order and filters with fractional pole-zero model
together have opened new horizons in filter design theory.

Most of the literatures on FOSP are scattered in different research articles,
technical reports and monographs. This book tries to assimilate these diverse
topics and briefly present these concepts to the uninitiated researcher. The focus is
on trying to cover a broad range of topics in FOSP and hence detailed discussion
regarding each individual topic is out of scope of this book. However, this book
can serve as a starting point and the researcher can delve into his topic of interest
by following up the extensive list of references that have been included at the end
of each chapter. An outline of the contents of the individual chapters is described
next.

Chapter 1 gives a brief introduction to Generalized Non-integer Order Calculus.
The basic definitions and useful realizations are presented briefly along with short
explanations as to the physical interpretations of the same. The necessity of the
application of fractional calculus in signal processing domain is next highlighted
and probable application areas and current research focus in this domain is
presented.

Chapter 2 looks at some Linear Time Invariant (LTI) representations of frac-
tional order systems. Since the LTI theory is well developed, casting fractional
order systems in state space or transfer function framework helps in the intuitive
understanding and also the use of existing tools of LTI systems with some mod-
ifications. The discrete versions of fractional order models are also introduced
since many practical applications in signal processing work on discrete time
system models and discrete signals. Some basic signal processing techniques like
continuous and discrete fractional order realizations, convolution and norms
applied to fractional order signals and systems are also elucidated.

Chapter 3 explains long range dependent models which are useful in modeling
real world signals having outliers or long tailed statistical distributions. The
concept of stable distribution is outlined and many standard distributions like
symmetric o-stable, Gaussian, Cauchy, etc. are obtained from the generalized
description of the family of stable distributions. Self similarity for random pro-
cesses is covered next and few other concepts like fractional Brownian motion,
fractional and multi-fractional Gaussian noise, etc. are discussed in this context.
The Hurst parameter which is a measure of self similarity is delineated next and a
few methods to estimate it, is subsequently outlined.

Chapter 4 presents different transforms commonly encountered in signal
processing applications. The importance of the fractional Fourier transform (FrFT)
is highlighted and its interpretation and relation to various other transforms are
also illustrated. The concept of filtering in the fractional Fourier domain and
various other applications of signal processing using FrFT are also described.
Other transforms like the fractional Sine, Cosine and the Hartley transforms which
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are obtained by suitable modification of the FrFT kernel is discussed. The frac-
tional BSplines and fractional Wavelet transforms are also briefly introduced.

Chapter 5 explains various time domain and frequency domain system identi-
fication methods for fractional order systems from practical test data. System
identification is important in cases where it is difficult to obtain the model from
basic governing equations and first principles, or where there is only input—output
data available and the underlying phenomenon is largely unknown. As is evident,
fractional order models are better capable of modeling system dynamics than their
integer order counterparts and hence identification using fractional order models is
of practical interest from the system designer’s point of view.

The first part of Chap. 6 throws light on the different forms of Kalman filter for
fractional order systems. The latter part deals with signal processing with frac-
tional lower order moments for o-stable processes. Some methods of parameter
estimation of different a-stable processes are proposed. The concept of covariation,
which is analogous to covariance for Gaussian signal processing, is unveiled and
its properties and methods of estimation are reviewed.

Chapter 7 mentions several different MATLAB based toolboxes and codes
which can be used to simulate fractional order signals and systems in general.
Most of the toolboxes are in public domain and are freely accessible by any user.
The reader can use these tools for simulation right away to get a feel of fractional
order signal processing. These tools can also serve as building blocks for simu-
lating more complex systems during research.

The authors would like to acknowledge the long technical discussions on FOSP
with Shantanu Das (Scientist-H, Reactor Control Division, Bhabha Atomic
Research Centre, Mumbai, India) and Basudev Majumdar (School of Nuclear
Studies and Applications, Jadavpur University, Kolkata, India). The authors are
also indebted to Prof. Dr. Amitava Gupta (Department of Power Engineering,
Jadavpur University, Kolkata, India) for his encouragement and support. The
authors are especially grateful to the growing community of researchers on FOSP
who have made fundamental contributions to this topic and are responsible for
opening myriad of new horizons in this field. Last but not the least; Saptarshi
would like to acknowledge the inspiration received from his parents Supriya Das
and Arunima Das and his brother Subhajit Das without whom the book would not
have been a reality. Indranil would like to acknowledge the active participation of
his father Prof. Dr. Tapan Kumar Pan in proof reading the manuscript and the
loving understanding of his mother Sefali Pan throughout the countless hours spent
working on the manuscript.

Saptarshi Das
Indranil Pan
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Chapter 1
Introduction

Abstract This chapter gives a brief introduction to generalized non-integer order
calculus. The basic definitions and useful realizations are presented briefly along with
short explanations as to the physical interpretations of the same. The necessity of the
application of fractional calculus in signal processing domain is next highlighted and
probable application areas and current research focus in this domain is presented.

Keywords Fractional calculus - Mittag-Leffler - Grunwald-Letnikov + Riemann-
Liouville

1.1 Basic Concepts of Fractional Calculus

Fractional calculus is the generalization of our familiar integer order successive
differentiation and integration of any arbitrary order. Strictly speaking the term
“fractional calculus” should be called non-integer order calculus as it essentially
implies successive differ-integration of even irrational and complex order. It is
300 years old topic and has taken birth with the reply to a letter of Leibniz when
he had been asked by L'Hospital what would be the result if the order of succes-
sive differentiation be 1/2. Leibniz replied that it would lead to an apparent paradox
from which one day useful consequences would be drawn. The fractional calculus or
generalized non-integer order calculus has gone through several modifications and
changes to take a suitable form for being applied as the scientists’ and engineers’
tools. Early contributions to the theory of fractional calculus are made by many other
renowned mathematicians. A detailed review on the history of fractional calculus can
be found in Machado et al. (2011).

1.1.1 Special Functions

The generalized fractional calculus has been defined in various ways. The definition
of fractional calculus uses the following three special functions:

S. Das and L. Pan, Fractional Order Signal Processing, 1
SpringerBriefs in Applied Sciences and Technology,
DOI: 10.1007/978-3-642-23117-9_1, © The Author(s) 2012



2 1 Introduction
1.1.1.1 Gamma Function

The gamma function is the extension of the factorial for non-integer numbers.

e ¢]

I'(2) :=/e_“uz_ldu VzeR (1.1)
0

For complex values of z, the real part has to be positive to get finite value of the
gamma function. The gamma function has the following property:

F(z+1) =zI() (1.2)
1.1.1.2 Beta Function
The beta function is defined as:
1
B(p.q) = /(1 — WP du, p.q € Ry (1.3)
0

The relation between beta and gamma function is given by the following relation.

_I'(»pIi@)

Bpd =11y =

B(q,p), p.qeRy (1.4)

1.1.1.3 Mittag-Leffler Function

Itis widely used as the solution of fractional order differential equations. Itis basically
a generalized higher transcendental which encompasses a wide variety of commonly
encountered transcendental functions. The one parameter Mittag-Leffler function is
defined as:

0 k
<
Ea(Z) .:kzgom, a>0 (15)

The Mittag-Leffler function reduces to exponential function for « = 1. The two
parameter Mittag-Leffler function is defined as:

%0 k
F4
Eq p(2) = ];)m, a>0, >0 (1.6)
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Clearly,

0 k

Z
Eg1(z) = 1;) far D = B (1.7)

Few special cases of Mittag-Leffler function yields some commonly used tran-
scendental functions. In simplest case, Mittag-Leffler function takes the form of the
exponential function and hence, Mittag-Leffler can be viewed as the generalized
transcendental function e.g., variation in the second parameter in Eq. 1.6 yields:

o0 Zk o0 Zk
Ei@ =) ———=> —=¢ (1.8)
STh+1)  “ K
0 k 0 k 0 k+1 z
z z 1 z et —1
Ep@=) ———=>" =-> = (1.9)
S Tk+2) &2 k+D! 2 & k+D Tz
o o
E
130 =2 Fk+3) g *k+2)!
_li 2 e —1—g (1.10)
_z2k:0(k+2)! T2 '

As a generalized case,

1 m—2 Zk
Eun() = S (ez -> F) (1.11)

k=0

Also, variation in the first parameter of Eq. 1.6 yields

00 22k
Er1(z) = Z TGk T Z%) — cosh(z) (1.12)
o 2k _ 1 00 2k+l _ Sinh(Z)
E2a(z) = Z TGkt ZZ‘O i (1.13)

1.1.2 Definitions in Fractional Calculus

The generalized fractional differentiation and integration has mainly two definitions
as follows:



4 1 Introduction
1.1.2.1 Grunwald-Letnikov (G-L) Definition

This formula is basically an extension of the backward finite difference formula for
successive differentiation. This formula is widely used for the numerical solution of
fractional differentiation or integration of a function. By Grunwald-Letnikov method
the orth order differ-integration of a function f(¢)is defined as:

1 :
DY f(0) = lim -2 > (=1)/ (‘}‘)f(t—jh) (1.14)
j=0

where

@) o B F(@+1)
(J') CjMe=p! T TG+DM@—j+1)
denotes the binomial co-efficients.
The Laplace transform of Grunwald-Letnikov fractional differ-integration is
00
/e“”on‘f(t)dt =sYF(s) (1.15)

0
1.1.2.2 Riemann-Liouville (R-L) Definition
This definition is an extension of n-fold successive integration and is widely used

for analytically finding fractional differ-integrals. By the Riemann-Liouville formula
the ath order integration of a function £ (¢) is defined as:

t
1
WIE S0 = oD f (1) = F(_a)/(t f(:);ldf (1.16)

fora,a e R,a < 0.
By this formula fractional order differentiation is defined as the integer order
successive differentiation of a fractional order integral. i.e.

t
1 da"
JDESO == A2 (117)

n—a)dm ] (t—r)*t!

wheren — 1 <o <n.
The Laplace transform of Riemann-Liouville fractional differ-integration is:
o0 n—1

[ e opt rrds =) - 2 stopr ), Ay

0
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1.2 Solution of Fractional Differential Equations
Using Laplace Transform

If it be considered a physical system is governed by the following fractional differ-
ential equation:

aDiy@) = f(1) (1.19)

with zero initial condition, the Laplace transform of the above equation yields

Y(s) 1

Gi(s) = Ue) — as® (1.20)
Inverse Laplace transform of the above equation produces
a—1
gty = - r @) (1.21)

The above equation can be viewed as the impulse response of the system’s transfer
function model G(s). Extending the concept for two term differential equation
having the structure

aDy(@) +by@) = f(1) (1.22)

similar Laplace operation with zero initial condition gives the system’s transfer
function as

Gals) Y(s) 1 1 1 (123)
S) = = = - — .
2 U(s) as*+b a sa+§
Inverse Laplace (Sheng et al. 2011) of the above equation gives
1 b
() = —1“"Eqq (——t“) (1.24)
a a

The generalized solution of n-term fractional differential equation and other details
can be found in Podlubny (1999).

1.3 Some Visualizations of Fractional Calculus

Impulse, step and ramp functions are most common in signals and systems theory
because they have a generalized Laplace domain representation i.e.,

G(s) = = (1.25)
54
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" Fractional differentiation and integration of a step function

35

L
o
_q.__'.q.-___lq_.___._____,d_

Amplitude
LS ]

-
[5,]

05 1 15 2 25 3 a5 4
Time (sec)

Fig.1.1 Fractional differ-integration of a step function

where g € {0, 1, 2} for the respective cases.

It is known that the successive integer order integration of impulse function gives
step and ramp, and the successive integer order differentiation of ramp function gives
step and impulse functions. In Laplace domain, the impulse, step and ramp represent
the unit delta operator, integrator and double-integrator, respectively. This idea can
be extended to the generalized case where ¢ € R for any arbitrary order integration or
differentiation. Figure 1.1 shows the time domain representation of different order of
differ-integration of a step function. As can be seen from the figure, the time domain
representations of the fractional order cases lay between the discrete integer order
operations.

As it is known from the system theory, a physical system governed by second
order differential equation of the form

d*y(t)
dr?

+ 2€wd2(t’) +® = u(r) (1.26)

has oscillatory time response for £ € (0, 1) and sluggish time response for £ > 1.
Here {£, w} signifies the system’s damping ratio and natural frequency, respectively.
For impulse input excitation in (1.26), the oscillations decay with an exponential
envelope.

—Ewt
1Yo _ e sin (wt\/l _ 52) (1.27)

UGs) w1 — g2
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Increase in Pseudo-damping with Decrease in «

Amplitude

L
10
Time (sec)

Fig.1.2 Increase in pseudo-damping with decrease in fractional order of the system

But for fractional order system, governed by a differential equation whose maximum
order of differentiation is a fraction e.g., (1.22), the impulse response also decays
in a oscillatory manner though there is no explicit damping term in the governing
differential equation. This phenomenon can be termed as the pseudo-damping which
becomes predominant with decrease in the order of fractional differential equation
and the oscillation decays with a power law as in Eq.1.24. Putting a = b = 1,
in Eq. 1.23, the step response is plotted by varying the order « in Fig. 1.2. The figure
shows that the decrease in order « results in an increase in the pseudo-damping.

1.4 Geometric and Physical Interpretation of Fractional
Order Differentiation and Integration

The geometric interpretation of fractional order (FO) differ-integrations are more
complex than their integer order counterparts and have intrigued researchers for
years. An interpretation according to Podlubny (2002) is given below.

The left-sided Riemann-Liouville fractional integral of order « is given as

t
a _ 1 _ a—l1
ol f(1) = @) /f(f)(t )" dr, 120 (1.28)
0
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The time variable 7 in Eq. 1.28 can be replaced by a scale transformation g;(7),
ie. 7 — g (7). Taking

Yo L ey 1.29
&@——”a+n{ - (-1} (1.29)

we have,

t—1)!
dg:(t) = “Tw (1.30)

Hence, (1.28) can be written in the form
t
ol f(1) =/f(f)dgz(f) (1.31)
0

Keeping t fixed, letus consider a 3D curve in the space (7, g, f) given by the following
expression

Cr:(t.g(), f(1)), O=t=t (1.32)

Along the curve C; if a “fence” is built perpendicular to the plane (z, g) of varying
height f(7) as in Fig. 1.3, then the shadows cast on the walls by the fence may be
interpreted as follows.

1. The area of the projection of the fence on the plane (z, f) is given by

t
ILf@) = / f(v)dr (1.33)
0

2. The area of the projection of the fence on the plane (g, f) is given by

t
Ig f () =/f(r)dg(r) (1.34)
0

For « = 1, Eq.1.29 reduces to g;(r) = 7 and hence both the shadows are
equal. Thus the integer order definite integration is a special case of the left sided
Riemann-Liouville fractional integration even from a geometric perspective. When
t is changing, the fence changes in length and shape. The corresponding changes in
the shadow on the walls (g, f) (as shown in Fig. 1.4) due to the change of the fence
with time give a dynamical geometric interpretation of the fractional integral given
by Eq. 1.28 as a function of the variable 7.

The physical interpretation of /§ f can be obtained by introducing the notion of
a transformed time scale where the time does not flow homogeneously. Considering
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Ci of R-Li ion with its prejection on different axes

P

Fig.1.3 Geometric interpretation of fractional order integration

Fig.1.4 Changing shadow
on the wall as t changes

()

t, t, 9.(r)

7 as the time, the third dimension g;(t) added to the pair (r, f (7)) can be considered
as some kind of a transformed time scale. Thus arises the concept of two kinds of
time as represented in Fig. 1.5.

1. The mathematical time t which is assumed to be homogeneous and equably
flowing.

2. The transformed time g(7) whose notion can be understood from the following.
Assuming a clock displays the time t incorrectly and the relationship between
the measured time t and the real time 7 (i.e. the correct or transformed time) is
given by T = g(1).
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Homogeneous time axis

—

0 1 2 3 4 5 6 7

Heterogencous time axis

| - | | 1 | )
1 I 1 |
1

1
2 3 4 5

|
I
0

Fig.1.5 The concept of homogeneous and heterogeneous time

Hence when areal time interval of d T = dg(7) elapses, the time interval measured
using the notion of mathematical time is dt. Thus if v(7) is the measured velocity
of a body, then the wrong value of distance covered is given by the integral

t

Igv(t) = / v(v)dt (1.35)

0
whereas the real or actual distance passed is given by

t

I§v(r) =/v(r)dg(r) (1.36)

0

1.5 Application of Fractional Calculus in Science
and Engineering

The application of fractional calculus in the enhancement of systems and control
theory has already been popular amongst the research community. Several books
have been written by the contemporary researchers like Podlubny (1999), Miller and
Ross (1993), Oldham and Spanier (1974), Kilbas et al. (2006), Das (2008), Diethelm
(2010), Hilfer (2000), Ortigueira (2011), Caponetto et al. (2010) to make the subject
well understandable for a practicing engineer’s or scientist’s point of view. This book
presents few well-established signal processing techniques in the light of fractional
order calculus.

Three special issues in Elsevier’s peer reviewed journal (Signal Processing)
have been dedicated to the advancement of fractional calculus in signal processing
(Ortigueira and Machado 2003, 2006; Ortigueira et al. 2011). The various appli-
cations of fractional order signal processing (FOSP) includes, chemistry, biology,
economics, control theory, signal and image processing, thermal engineering,



1.5 Application of Fractional Calculus in Science and Engineering 11

acoustics, electromagnetic theory, robotics, visco-elasticity, diffusion, turbulence,
mechanics. The major sub-branches of FOSP are analysis of fractional order linear
system theory, application of fractional Fourier transform in filtering, electrochemical
realization of fractional impedance or fractance, modeling long memory processes
or time-series, estimation and identification of fractional systems, etc.

Recent advances in fractional calculus and its engineering applications have been
published in various literatures like journal special issues, conferences, edited and
authored books. Extensively review on this domain can be found in Machado et al.
(2011), Debnath (2003) and Gutierrez et al. (2010). Details of fractional calculus
and its various applications can also be found in Baleanu et al. (2010), Oldham and
Spanier (1974), Podlubny (1999) Sabatier et al. (2007), Miller and Ross (1993),
Caponetto et al. (2010), Monje et al. (2010), Das (2008) and Mainardi (2009).
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Chapter 2
Basics of Fractional Order Signals and Systems

Abstract This chapter looks at some linear time invariant (LTI) representations of
fractional order systems. Since the LTI theory is well developed, casting fractional
order systems in state space or transfer function framework helps in the intuitive
understanding and also the use of existing tools of LTI systems with some modifi-
cations. The discrete versions of fractional order models are also introduced since
many practical applications in signal processing work on discrete time system models
and discrete signals. Some basic signal processing techniques, like continuous and
discrete fractional order realizations, convolution and norms, applied to fractional
order signals and systems are also introduced.

Keywords Fractional order (FO) differ-integrators + Constant Phase Element (CPE)
FO realization + FO LTI systems + FO convolution * FO correlation

Modern science has tried to interpret nature from a mathematical framework and has
been successful to a large extent in analyzing various phenomena and harnessing
control over various physical processes. But on introspection we need to look at the
very mathematical tools in our quest for perfection and understanding. Fractional
order differential and integral equations are a generalization of our conventional
integral and differential equations that extend our notion of modeling the real world
around us. The term “fractional” basically implies all non-integer numbers (e.g. frac-
tions, irrational numbers and even complex numbers) and hence a more mathemati-
cally correct nomenclature is non-integer order calculus. However, the present focus
of the book is real non-integer numbers and the term ‘fractional’ used throughout
this book is in this sense.

There are many processes in nature that can be more accurately modeled using
fractional differ-integrals. It has been experimentally demonstrated that the charging
and discharging of lossy capacitors for example, follows inherently fractional order
dynamics. The flow of fluid in a porous media, the conduction of heat in a semi-
infinite slab, voltage-current relation in a semi infinite transmission line, non-Fickian

S. Das and L. Pan, Fractional Order Signal Processing, 13
SpringerBriefs in Applied Sciences and Technology,
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diffusion , etc. are all such examples where the governing equations can be modeled
more accurately using fractional order differential or integral operators.

A Fractional order linear time invariant (LTI) system is mathematically equivalent
to an infinite dimensional LTI filter. Thus a fractional order system can be approxi-
mated using higher order polynomials having integer order differ-integral operators.
The concept can be viewed similar to the Taylor series expansion of non-linear func-
tions as a summation of several linear weighted differentials. More involved analysis
and review of existing fractional order signals and systems can be found in Magin et
al. (2011), Ortigueira (2000a, b, 2003, 2006, 2008, 2010).

2.1 Fractional Order LTI Systems

Fractional order LTI systems can be modeled using the conventional input—output
transfer function approach similar to the integer order ordinary differential equations
(Monje et al. 2010). Fractional order ordinary differential equations lead to fractional
order transfer function models by the well known Laplace transform technique.
The conventional notion of state space modeling can also be extended to represent
fractional order dynamical system models with additional requirement of defining
the state variables as fractional derivative of another.

2.1.1 Transfer Function Representation

Let us consider the following fractional differential equation to represent the
dynamics of a system:

ay D"y (t) + ap_1D*" 'y (t) + - - - +ag Dy (1)
= by DP"u (t) + by 1 DP"1u (1) + - - - + by DPou (1) (2.1)

In the above fractional differential equation if the order of differentiations be
integer multiple of a single base order i.e. o, fr = ko, o € R4, the system will
be termed as commensurate order and takes the following form

> @Dy (1) =D b D*u () (2.2)

k=0 k=0

Taking Laplace transform of the above equation and putting zero initial condition,
the input—output fractional order transfer function models takes the form

Y b Bm b, _ Bm—1 e b Bo
Gs)= LG _ Dus™ Hbu1s77 & - - F bos (2.3)
U (s) ap s 4 ap_18% =1 4 - - - + aps®0
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For commensurate fractional order systems the above transfer function takes the
following form

im0 b )" o bidt
Siooar (sOF  Xh_gadk’

Fractional order transfer function models leads to the concept of fractional poles
and zeros in the complex s-plane (Merrikh-Bayat et al. 2009). For the commensurate
fractional order system (2.4) with the characteristic equation in terms of the complex
variableA is said to be bounded-input bounded-output (BIBO) stable, if the following
condition is satisfied

G(s) = A= s? (2.4)

jarg G| > o5 2.5)

where ); are the roots of the characteristic polynomial in A.

For A = 1, the well known stability condition for integer order transfer functions
is obtained which states the real part of the poles should lie in the negative half of
the complex s-plane i.e. |arg (1;)| > %

2.1.2 State-Space Representation

A generalized fractional order multiple input multiple output (MIMO) LTT state-
space model can be represented as

D%x = Ax + Bu

2.6
y=Cx+ Du (26)

where ¢ = [ag, a2, ..., a,] is the commensurate or incommensurate fractional
orders. u € R! is the input column vector, x € R” is the state column vector, y € R”
is the output column vector, A € R™*" is the state matrix, B € R">! i the input
matrix, C € RP*" is the output matrix, D € R? <! is the direct transmission matrix.
In the above fractional order state-space representation, the first equation is called the
fractional order state equation and the second one is known as the output equation.
The fractional state space model can be converted to the fractional order transfer
function form using the following relation

G(s)=C(s“I—A)"'B+D 2.7)

Here, I represents the identity matrix of dimension n x n and G (s) represents the
fractional order transfer function matrix of dimension p x [. The fractional order
state-space realization in controllable, observable and diagonal canonical forms are
similar to the corresponding integer order state-space models and have been detailed
in Monje et al. (2010). Accuracy of the numerical approximation of FO state-space
has been detailed in Rachid et al. (2011) and Bouafoura et al. (2011).
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It is interesting to note that the stability analysis of commensurate fractional order
systems is relatively easier (Trigeassou et al. 2011; Trigeassou and Maamri 2011)
since the conventional s-plane instability region gets contracted by o /2 for 0 <
a < 1. Stability of incommensurate fractional order models are mathematically more
involved and have been discussed by Matignon (1998) in a detailed manner.

The discrete time fractional order state space corresponding to the continuous
time fractional order state space can be represented as

x(k+1) = (AT* +al) x (k) + BT%u (k) for k=0
xk+1) = (AT“ +al)x (k)
k+1

" (2.8)
—Z(—l)’(l. )x(k+l—i)+BT°‘u(k) for k> 1
=2

vy (k) = Cx (k) + Du (k)

Considering an infinite dimensional memory of a fractional order system, the
above discrete time fractional order state space expressed in terms of an expanded
state space

x(k+1) x (k)
x (k) ~| xk—=1 ~
x(k=1) | =A| x(k—2) | T Buk)

o (2.9)

~ | x(k—=1)
yk)=Cl x(k—2) | +Duk)

where

o P 3 (o
(AT* +al) —1(—1) (2)—1(—1) (3)

i1 0 0 | B =
0 1 0

C=[C 00 ---]

Here, 0 is the null matrix of dimension n x n.

The above discrete time fractional order state space model is asymptotically stable
if the following condition HZ || < 1is satisfied. Here, || - || denotes the matrix norm
defined as max |A;| and A; being the ith eigen-value of extended matrix A.
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2.2 Realization of Fractional Order Differ-integrators

The realization of FO differ-integrators can be done in two ways viz. continuous time
and discrete time realization.

2.2.1 Continuous Time Realization

Fractional order elements generally shows a constant phase curve, hence are also
known as constant phase elements (CPE). In practice, a fractional order element can
be approximated as a higher order system which maintains a constant phase within
a chosen frequency band (Krishna 2011; Elwakil 2010; Maundy et al. 2011). The
fractional order elements can be rationalized by several iterative techniques namely,
Carlson’s method (Carlson and Halijak 1964), Oustaloup’s method (Oustaloup et al.
2000), Charef’s method (Charef et al. 1992), etc. some of which are detailed below.

2.2.1.1 Carlson’s Method

Fractional order elements or transfer functions can be recursively approximated using
the following formulation known as Carslon’s method (Carlson and Halijak 1964).

If G(s) be a rational transfer function and H (s) be a fractional order transfer
function such that H(s) = [G(s)]? where ¢ = m/p is a fractional order of the
transfer function, then H (s) can be recursively approximated as

(p—m) [Hi19)]” + (p+m)G(s)

Hi(s) = Hi—1(s) 5 (2.10)
(p+m)[Hi—1(9)]"+ (p —m)G(s)
with an initial guess of Hy(s) = 1.
The above recursive formula can be rewritten as
2
G(s) +a|Hi-i(s)
Hi(s) = Hi—1(s) [Hi-1)] @.11)

aG(s) + [Hi1 ()]’

where o ;= 2= = l_(%) = 1% andg:= L2
T ptm 1+(%) I+qg .

Therefore, for the simplest case i.e.H (s) = 59, it will act like a differentiator for
q > 0implying o < 1. Also, it will act like an integrator for ¢ < 0 implying o > 1.

2.2.1.2 Charef’s Method

Basic formulation of Charef’s approximation technique is detailed in Charef et al.
(1992).
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Let us take a fractional order transfer function

1
H(s) = ——— (2.12)
(I +s/pr)™
where pr is the pole of the FO system and m is the fractional order of the system. The
above all pole fractional order system can be rationalized by the following recursive
formula

N-1 ;
[Tizo (1 + %)

s [T (1 + ﬁ)

(2.13)

If the maximum allowable discrepancy in estimating the frequency response of the
approximated model be y d B, the zeros and poles can be recursively calculated as

Zn—1 = py—1100/100=m]
pn = zy—11007/10m @1
The first approximation of the pole and zero starts with
po = pTl()[Y/20m]
0= polo[y/l()(l—m)] 2.15)

Now the problem is to determine the value of N so that a specified accuracy of the
approximated rational transfer function at the corner frequencies can be obtained.

Let, g = 10/100-m)] _ EN=1 g — qob/10ml — PN pen

PN-1 IN—1
ab = 10/10m(1—m)} _ *N=1 _ PN
IN-2 PN-1

Now, N can be determined by the following expression

®max

o2 b (2.16)

N = Integer
2.2.1.3 Oustaloup’s Method
Oustaloup’s recursive filter gives a very good fitting to the fractional-order elements
s”within a chosen frequency band (Oustaloup et al. 2000). Let us assume that the
expected fitting range is(wp, @y,) . The filter can be written as:

s+ o),
s 4+ wg

N
Gro)=s"=K [] (2.17)
k=—N
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where the poles, zeros, and gain of the filter can be evaluated as

KN+ (14y) KN+ (1—y)

wp 2N+1 wp 2N+1
a)k=wb(—) , W = wp - K=o
b

2.2.2 Discrete Time Realization

2.2.2.1 Based on Discretization Method

Discrete time realizations are often preferred over continuous time realizations since
they can be easily implemented in hardware and updated with the change in the
purpose of application. There are mainly two methods of discretization viz. indirect
and direct method. The indirect discretization method is accomplished in two steps.
Firstly the frequency domain fitting is done in continuous time domain and then the
fitted continuous time transfer function is discretized. Direct discretization based
methods include the application of power series expansion (PSE), continued frac-
tion expansion (CFE), MacLaurin series expansion, etc. with a suitable generating
function. The mapping relation or formula for conversion from continuous time to
discrete time operator (s <> z) is known as the generating function. Stability of
direct discretization has been analyzed in Siami et al. (2011). Among the family
of expansion methods, CFE based digital realization has been extensively studied
with various types of generating functions like Tustin, Simpson, Al-Alaoui, mixed
Tustin-Simpson, mixed Euler-Tustin-Simpson, impulse response based and other
higher order generating functions (Gupta et al. 2011; Chen et al. 2004; Visweswaran
etal. 2011).

When the continuous time realization like Oustaloup’s approximation , etc. with
a constant phase is discretized with a suitable generating function the phase of the
realized filter may deviate from the original desired one depending on the generating
function. However, a direct discretization scheme tries to maintain a constant phase
of the FO element directly in the frequency domain. Hence, direct discretization is
generally preferred for digital realization over its indirect counterpart.

* Generating Functions: The discrete time rational approximation of a simple
continuous-time differentiator s ~ H (z‘l) is as follows

— Euler (Rectangular Rule):

Heuer () = [%] (2.18)

Here, T represents the sampling time and z denotes the discrete time complex
frequency. Itis clear that the Euler’s discretization formula (2.18) is an extension
of the backward difference technique of numerical differentiation. Forward or
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central differencing schemes is generally not used since it would result in a non
causal filter, i.e. future values of a series would be required to obtain the present
value.

Tustin (Trapezoidal Rule or Bilinear Transform):

2 1-z71
-1\ _
Hrystin (Z ) = |:T : 1 +Z1] (2.19)

The Tustin’s discretization can be obtained from the basic (s <> z) mapping rela-
tion by expanding the exponential terms with their first order approximations.

T esT/? _(y sT 1 sTY 24T
c=e CesT/2 +7 2 ) T 25T
| (2.20)
7 —
.(z+1)

Simpson’s Rule: The well known Simpson’s numerical integration formula is
given by (in time domain)

=5 =

N

T
y(n)=g[x(n)+4X(n—1)+X(n—2)]+y(n—2) (2.21)

By applying z transform on (2.21) it is found

H(z) = 7

-1 -2
Y (2) _ T (1 +4z7" 4z ) (2.22)
X (2) 3

1—z—

The relation given by (2.22) represents a digital integrator and can be inverted
to obtain a digital differentiator as

Hsimpson (z_l) = F~ (=) (- Z_l)] (2.23)

T 144z 4272

— Al-Aloui Operator: Al-Alaoui has shown that the discretization formula can be

improved by interpolating the classical Euler and Tustin’s formula as follows

HAI-Alaoui(oz) (Z_l) = aHEgyjer (Z_l) + (1 — a) Hrystin (Z_l)

_aT +(1—oz)T(1+z_1)_T[(l—f-a)—i—(l—o:)z_l]
_(1—2_1) 2 -] 2(1—z71)

11—z

(-a)_—1
 T(+a) (1+<1+§)Z )
- 2 (1 —zfl)

(2.24)
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where « € (0, 1) is a user-specified weight that balances the impact of the two
generating function i.e. Euler (Rectangular) and Tustin (Trapezoidal) and their
corresponding accuracies introduced in the discretization. Replacing « = 3/4
in (2.24) produces the conventional Al-Alaoui operator as:

T (1+27'/7)

e

Hai-Ataoui (3/4) (Z_l) =

Generalized Al-Alaoui operator (2.24) shows that the Infinite Impulse Response
(IIR) filter has a pole at z = 1 and zero varies between z € [—1,0] for @ €
[0, 1]. Thus, the operator (2.24) can be directly inverted to produce a stable IIR
realization for a differentiator also.

Early discretization techniques developed by Euler and Tustin are mainly based
on the first order polynomial fitting. Simpson’s advancement in the discretization
technique shows that one can fit higher order polynomial to obtain better accuracy.
But this is not a feasible proposition, since expansion with higher order generating
function would increase the overall order of the discrete time filter. Also, as the order
of the generating function increases, the region of performance in the frequency
domain gets shrunk. The generalized Al-Alaoui type generating function (2.24) is
ideal for applications where the requirement is to maximize accuracy without going
for a higher order realization.

Other higher order generating functions like Chen-Vinagre operator (Chen and
Vinagre 2003), Schneider operator, Al-Alaoui—Schneider—Kaneshige—Groutage
(Al-Alaoui-SKG) operator, Hsue operator, Barbosa operator, Maione operator , etc.
are also used. For details please look in Visweswaran et al. (2011), Gupta et al.
(2011), Barbosa et al. (2006), Maione (2008) and the references therein.

2.2.2.2 Series Expansion for FO Element Realization

The generating functions are essentially a s <> z mapping relation. For band-limited
rational approximation of fractional order elements, higher order transfer functions
in discrete time need to be found out which approximately mimic the constant phase
property of the corresponding FO element, within a chosen frequency range. The
higher order approximation is done using various recursive formulae for calculating
the position of the poles and zeros of the discrete realization. The order of the realized
filter is basically a trade-off between the accuracy in frequency domain (obtained
by increased number of poles and zeros) and the ease of hardware implementation
(obtained by lower number of poles and zeros). Now, the various expansion tech-
niques are listed below.

e Power Series Expansion (PSE) Let us now, consider a fractional order differ-
integrator

G(s)=s,y€[0,1] € R4 (2.26)
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Using the simple Euler’s discretization formula the FO differ-integrator can be
approximated via the PSE as

TF PSE [(1 —z“)iyl (2.27)

Performing PSE on the FO differ-integrator gives (Yang Quan et al. 2009)
n o
Vi f (nT) =T# D" (=1)F (]Ty)f((n—k) T) (2.28)
k=0

It is evident that the PSE yields polynomial functions or finite impulse response
(FIR) type digital filters.

Continued Fraction Expansion (CFE) In most cases rational approximations which
yield both poles and zeros are better than PSE based realization which yields FIR
filter structure. These rational approximations converge rapidly and have a wider
domain of convergence in the complex plane. A smaller set of coefficients are also
required for obtaining a good approximation in case of CFE. The CFE of fractional
power of a generating function can be expressed as a rational transfer function

b
G @ =ay @+ @
ay (2) + ”2(Z>+,L3bé§2,,
bi(z) by(z)  b3(2)
= cee 2.29
S SAes Saes 2:29)

where a;, b; are either rational functions of the variable or constants.
* MacLaurin Series Expansion The MacLaurin series expansion of (x + a)" is given
by

o0

> av Fo+1 i (2.30)
=0

Ti+DMw—i+1)

For example (Valerio and da Costa 2005),

Y~ N Fw+1D i

(1_Z ) _g;( D i hro—itn® (2.31)
N — F(—v+1) .

(1” ) _ZiZOF(i+1)F(—v—i+1)Z (2.32)

Other expansions like Taylor Series can be used with higher order generating
function to get a better approximation (Gupta et al. 2011; Visweswaran et al. 2011).
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2.3 Discrete Time Fractional Order Models

2.3.1 ARFIMA Models

Conventional discrete time system models are mostly moving average (Finite Impulse
Response or all zero) and AutoRegressive (Infinite Impulse Response or all pole)
type. Generalization of these models is the Auto Regressive Moving Average
(ARMA) which is a pole-zero (IIR) transfer function.

The Moving Average (MA) model with g terms M A (g) is of the form:

Ye =X +01x—1 + -+ 04x—4 (2.33)

For the coefficients 6;,i € {1, ..., q} € Zy. The Auto Regressive (AR) models
with p termsAR (p) is of the form:

Ve =¢1y—1+ -+ Ppyi—p (2.34)

for some coefficients ¢;, j € {1, ..., p} C Z,.
The AutoRegressive Moving Average (ARMA) model with p AutoRegressive
terms and ¢ Moving Average terms ARMA (p, q) is given by:

Y= (¢1yt71 +- 4+ ¢pyt*p) + (xt +O0x—1+- -+ Qthfq) (2.35)

For a time series X; and zero mean white Gaussian noise &, the ARIMA (p, q)
model can be represented as:

P q
(1 —Z@L")Xz =(1+ZeiL")st (2.36)
i=1 i=1

where L is the lag operator satisfying the expression LX; = X,_;. The AutoRe-
gressive Integrated Moving Average (ARIMA) model ARIMA (p, d, q) is a gener-
alization of the ARMA (p,q) model with a differencing parameter d € Z,.
The Eq. 2.36 for the ARIMA model can be extended to the ARFIMA model to
obtain:

P q 00
(1 - ch),-L’) (1-LyYX, = (1 + Ze,-y)g,, a-0?=>" (Z) (—L)F
i=1 i=1 k=0
(2.37)
The Auto Regressive Fractional Integrated Moving Average (ARFIMA) model is
an extension of the ARIMA model where the degree of differencing d can have
fractional values (Hosking 1981). ARFIMA models have found applications in
economics, biology, remote sensing, network traffic modeling and similar areas
(Sheng and Chen 2011).
An ARFIMA (p, d, q) has the following properties (Chen et al. 2007) depending
on various values of d.
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—_

Ford = 1/2, the ARFIMA (p, —1/2, q) process is stationary but not invertible.

2. For —1/2 <d < 0, the ARFIMA (p, d, q) process has short memory and decay
monotonically and hyperbolically to zero.

3. Ford =0, the ARFIMA (p, 0, q) process can be white noise.

4. For 0 < d < 1/2, the ARFIMA (p, d, q) process is a stationary process with
long memory. This model is useful in modeling long-range dependence (LRD).
The autocorrelation of a LRD time-series decays slowly as a power law function.

5. Ford = 1/2, the ARFIMA (p, 1/2, q) process is a discrete time 1/f noise.

2.3.2 Discrete Time FO Filters

Digital realization of FO filters in FIR and IIR structure is an emerging area of
research. Some recent developments include fractional second order filter (Li et
al. 2011a), variable order operator (Chan et al. 2010a; Valério and Sa da Costa
2011; Lorenzo and Hartley 2002; Tseng 2006, 2008; Chan et al. 2010b; Charef
and Bensouici 2011), distributed order operator (Li et al. 2011b), variable order
fractional delay filter (Shyu et al. 2009a, b; Soo-Chang et al. 2010; Tseng 2007b),
two-dimensional FO digital differentiator (Chang 2009) and improvement of FO
digital differ-integrators (Chien-Cheng 2001, 2006; Tseng 2007a).

2.4 Fractional Order Convolution and Correlation

RZ’ is the fractional shift operator and is a generalization of the unitary time shift
operator (Tys) (t) = s(t — 1), R? describes a signal shifted along the arbitrary
orientation ¢ of the time—frequency plane by a radial distance p. Rf; operating on

the time domain signals (¢) is given by

(quobs) (t) = s (t — pcos¢) g—j2ﬂ(p2/2) cos ¢ sin ¢+ j27p sin ¢ (2.38)

The additivity and inversion properties for R;’f can be stated as

_ pt

Rﬁl Rﬁz - Rp1+p2 (2-39)
_1 ¢

(R9) =R?, (2.40)

F ¢ is the Fractional Fourier Transform (FrFT) operator associated with angle ¢.
For ¢ = 7 /2.

It results in the conventional Fourier Transform, and for ¢ = 7.

Fr is the axis-reversal operator (Fs) (f) = s (—1) .
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It is actually the application of the conventional Fourier Transform twice on the
signal. For further details on the FrFT please see Chap. 4 of this book.
The fractional convolution associated with the angle ¢ is found by computing the

inner product of the input signals (¢) with the axis-reversed, complex-conjugated,
and fractionally shifted version of the function # (¢) as

(s51) ) = {5, REFah*) = (5. ROR)

2 ) ' ) (2.41)
— eﬂnTcosqﬁsmd)/s (,3) h (r COS¢ _ '3) e—‘/2nﬂr sm¢d,3

where (t) = h* (—t) . This reduces to the integer order convolution for ¢ = 0

(soh) (@) =/s(ﬂ)h(t—ﬂ)dﬂ (2.42)

The fractional order cross-correlation between s () and 4 (¢) can be defined by
replacing 77 with Rﬁ’ in the definition of the LTI cross-correlation equation

(55h) @) = (5. 7eh) =[5 B0 (6 — o) dp 2.43)
Thus the fractional order cross-correlation can be defined as

. 2 . . .
(s3h) (0 = el conosing / s (B (B — peosg) e /TN0ag  (2.44)

which reduces to the integer order definition of cross-correlation in (2.43) for ¢ = 0.
The fractional order autocorrelation is defined as

(s55) 00 = o2ty cospsing / 5 (B)s* (B — peosg) e 2TN0ap (2.45)

which reduces to the integer order definition of autocorrelation for ¢ = 0

(ss) (1) = /s (B)s*(B—1)dB (2.46)

The defining property of an LTI system and their associated LTI operations is
their covariance to time shifts. The LTI convolution fully reflects the effect of the
unitary time shift operator 7} on the signal s (¢) as follows,

(Tisih) (6) = (Tes, Toh) = (s, T_x T;h)
= (s, Ti—xh) = (s¢h) (t — k) (2.47)

The same covariance property is also valid for the LTI cross-correlation and the
LTI autocorrelation.
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Similar to time-shift covariance of LTI systems, fractional convolution and
correlation operations are covariant to fractional shifts represented by the unitary
fractional-shift operator Rff.

For fractional convolution this can be shown by

(Rspn) o) = (REs. RER) = (s, R s, REA)
- <s, Rf’ﬁ) - (s;;h) r — k) (2.48)
-1
where we used the fact thatRZ) is unitary and(R;p) = Rf, as given by the inversion
property in (2.40).

Fractional correlation operators are also covariant to fractional shifts in the same
fashion, i.e.

(R,‘fs;h) () = (s;;h) (0 —k) (2.49)

For further details please see Akay and Boudreaux-Bartels (2001) and Torres et
al. (2010).

2.5 Calculation of H; and H,, Norms of Fractional
Order Systems

For FO LTI systems, the Hp and Hy norms are similar to their corresponding
integer order analogues with slight modifications as detailed in Malti et al. (2003)
and Sabatier et al. (2005).

2.5.1 Hj Norm of FO Systems

The H, norm of a transfer function F (s), i.e., | F'|l g, := || F |l which is analogous to
the impulse response energy || f ||, or L norm of a real signal f (¢) can be stated as:

00 1/2
I f @), = (/0 fT (t)f(t)dt)

| oo 172
= (—/ F? (jo) F (jo) dw) =|F (jo)ll, (2.50)

21 o

If it be assumed that F (s) be a Laplace-domain BIBO-stable explicit commensurate
fractional order (n) transfer function and ¢, p are the integer and non-integer parts
of 1/n respectively, i.e. g := L%J , 0= % — L%J and let,
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G (a)”) =F (jow), w =G (x)G (x) (2.51)
B (x)

Then the H> norm of F' (s) is given by the following conditions:

Ifdeg (B) < deg(A)+ 1/n, then ||F|, = 00
2. Ifdeg (B) > deg (A) + 1/n and p # 0, then

—_—

_ - —1
St ik D s (f —1 )

nsin (pm)

IFll, = (2.52)

where ai ;, (—sr) and v; are co-efficients, poles and their multiplicities of the
partial fraction expansion of

A(x) _ZZ a1

P
1 = sk

3. Ifdeg (B) > deg (A) + % and p = 0:

r Vg
IFIE = Z ¢k (In(sg) —In (Sl)) z by, 1S (2.53)
1=2

P niw (s — s1) = nm (I —

where (—sy) and vy are poles and their multiplicities of x4710 (x). s1 is an
arbitrary chosen pole. ¢; and by ; represent coefficients of the following expansion
of x40 (x):

LAM < & by
Tl =y = 2.54
B (x) Z:(JC+S1)(X+S1<) Z:Z:(x+s)l >4

k=11=2

All poles of order one are in the left sum; all poles of order greater than one are
in the right double sum.

2.5.2 Hy, Norm of FO Systems

The Hso-norm of a continuous LTI system model G (s) is defined through the L»
norm as:

1G )l = sup XDl (2.55)

U, 1U ()2

Here, Y (s), U (s) € H; represent the Laplace transform of the output signal and
input signal respectively. Also,
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G ($)lloo = SUP Omax (G (j@)) (2.56)

weR

where on,x denotes the greatest singular value of G (jw) defined by

0 (G (jo) = Jspec (GT (—jw) G (jo) (2.57)

The Hyo-norm of a fractional system may not always be bounded. For the commen-
surate fractional state space system S ¢

[ DVx () = Ax (1) + Bu (1)
(57): [ ¥ (0) = Cx (1) + Du (1) (239

where v € R denotes the fractional order of the system,

AeRY BeRPX CeR"™ and D € R"*P

The Hso-norm is bounded by a real positive number y if and only if the eigen-
values of the matrix A,, lie in the stable domain defined by {s € C : |arg (s)| > vm/2}.
Here,

A A+B(y21-DTD)"'DTCc e WmB(y2I—D'D)”' BT
"I\ (14D (2= DTD)T DY) € enim (AT +CTD (v21 - DT D) BT)
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Chapter 3
Long Range Dependence, Stable Distributions
and Self-Similarity

Abstract This chapter looks at Long Range Dependent models which are useful
in modeling real world signals having outliers or long tailed statistical distributions.
The concept of stable distribution is introduced and many standard distributions
like symmetric astable, Gaussian, Cauchy, etc. are obtained from the generalized
description of the family of stable distributions. Self-similarity for random processes
is next introduced and the ideas of fractional Brownian motion, fractional and multi-
fractional Gaussian noise, etc. are discussed in this context. The Hurst parameter
which is a measure of self-similarity is discussed next and a few methods to estimate
it are subsequently outlined.

Keywords «-Stable distributions + Fractional Brownian motion (fBm) - Fractional
Gaussian noise (fGn) * Self similarity - Fractal dimension + Hurst parameter

3.1 Introduction

In statistical signal processing, models of self similar processes are stochastic and a
scaling in time is equivalent to a suitable scaling in space. The link between the two
types of scaling is determined by a constant called Hurst exponent. Depending on the
value of the Hurst parameter the process can show Long Range Dependence (LRD)
or long memory. Memory here implies something that lasts and the notion of memory
is related to the connection between certain observations and those occurring after
the passage of a certain interval of time (i.e. the shifted process). LRD is linked to
the fact that the rate of decay of the statistical dependence of the process is more
slower like a power-law rather than an exponential one.

LRD is found in atmospheric temperature and ozone fluctuations as reported
in Varotsos and Kirk-Davidoff (2006). It can also be found in DNA sequences
(Karmeshu and Krishnamachari 2004), hydrology (Montanari and Toth 2007), net-
work traffic modeling (Grossglauser and Bolot 1999), econometrics, stock market
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fluctuations and many more (Doukhan et al. 2003). Thus this type of model can be
applied to a wide variety of processes for their simulation and analysis.

3.2 Rational Transfer Function Models of Signals
and its Extension to ARFIMA Models

A time series is essentially an ordered sequence of observations where the successive
elements are related to each other. Past samples may be used to predict the future
samples in the series if they are dependent. However, for stochastic time series this
prediction is never exact and the degree of predictability is related to the dependence
between the successive samples. The white noise is a special case where each sample
is independent of the others and the signal is completely unpredictable.

A model is a mathematical representation of a signal which captures the important
characteristics of the signal. Assuming that a given sample x(n), at time n can be
approximated by the weighted value (a) of the previous sample, we have x(n) ~
ax(n — 1), where a is assumed to be a constant. An excitation term w(n) can be
added to make the above relationship exact, resulting in

x(n) =ax(n — 1) + w(n) 3.1
This can be represented in a discrete time transfer function form as

X(2) 1

H(z) = = 3.2
@ Wi 1—az! @2

Using inverse transformation and series expansion we obtain
x(n) =wh) +awn —1) + azw(n —2)+--- (3.3)

which indicates that the model generates a time series with exponentially decaying
dependence.

Any rational transfer function model has a dependence structure or memory that
decays exponentially with time and is known as AutoRegressive Moving-Average
(ARMA) model or pole zero model. The impulse response and the autocorrela-
tion sequence of a pole-zero model decay exponentially with time, and can be
expressed as

b < Chg ™", o] < Cpt™! (3.4)

where Cj,C, >0and 0 < ¢ < 1

Hence these types of pole-zero models may be used to model stationary signals
with short memory.

If one of the poles moves quite close to the unit circle, a longer impulse response or
autocorrelation can be obtained. Hence models with unit poles can be used to repre-
sent some kinds of non-stationary processes with trends. However, even these models
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cannot effectively capture the characteristics of a time series whose autocorrelation
decays asymptotically as a power law.

For a unit pole (¢ = 1), a perpetual constant dependence is obtained but the
model is unstable as the output is unbounded. However, a stable model with long
memory can be obtained by creating a fractional unit pole (Hosking 1981), that is
by including a fractional power in (3.2).

1 _ dd+1) _, 1 1
H =— = l+4dz'+——~ ——<d<=- (35
1(2) = +dz7 + o 7 4+ , 2< <2( )
Thus,
dd+1)
x(n) =wh) +dwn —1) + Tw(n —-2)+--- (3.6)
d—1

The weights in (3.6) decay according to n as n — oo i.e. the dependence
decays asymptotically as a power law or hyperbolically. Although the model in (3.6)
is characterized by a single parameter d, it is actually an infinite-order convolution
summation and hence its practical realization requires a rational model approximation
which can be implemented as a difference equation. The process generated by (3.6)
is known as fractionally differenced Gaussian noise when w(n) is a sequence of
independent Gaussian random variables.

In time series analysis, rational model which have one or more fractional poles is
known as Fractional AutoRegressive Integrated Moving Average (FARIMA) models.
Their importance in modeling time series stems from the fact that their short-term
dependence is exponential while their long-term dependence is hyperbolic. When
these fractional pole-zero models are excited by white noise, random signals are gen-
erated which can be effectively modeled as AutoRegressive Fractionally Integrated
Moving Average (ARFIMA) process and have strong correlation even if the samples
are far apart. These FARIMA or ARFIMA models exhibit long term persistence and
cannot be effectively modeled using the conventional rational pole zero models.

LRD can be modeled in continuous time by using a fractional polei.e. 1/s#, 8 > 0.
This is actually a fractional integrator for 0 < 8 < 1 and an integrator for § = 1.
Since the inverse Laplace transform of the fractional integrator is given by

£t [iﬂ] = P! (3.7)

N

the memory of a continuous-time system with impulse response hg = B~ fort >0
and hg = 0 for t < 0, decays hyperbolically. The output of this kind of system to
white Gaussian noise results in a non-stationary process called fractional Brownian
motion (fBm).

The stationary discrete-time process, obtained by sampling the fractional Brown-
ian motion process at equal intervals and computing the one-step increments, is
known as fractional Gaussian noise (fGn). Both fBm and fGn have long memory and
have wide applicability in signal processing domain.
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3.3 Few Characteristics of Fractional Pole Zero Models

Some important properties of these models like impulse response, power spectrum,
correlation, etc. are discussed next (Manolakis et al. 2005). The impulse response of
the fractional pole model in (3.5) is given by

_ T+
hg(n) = m (3.8)

forn > 0 and hy (n) =0 for n < 0. As n — oo the impulse response

1
I’l(l’l) ~ mﬂdﬁl (39)

Thus the system is not BIBO stable for d > 0. However, the fractional pole model

is termed as minimum-phase for —1/2 < d < 1/2 even though h;(n) does not

converge absolutely. In this range the model exhibits mean square convergence.
The complex power spectrum of the model is Ry (z) = Uv% Ry, (z) where

1
Ri(z)=H@HE ") = 3.10
h@ = HOHE = s (3.10)
Putting z = ¢/ the power spectrum is obtained as
Rh(e-/“’)=; —T<w<nw (3.11)
[2sin (w/2)]%¢
Ry, (e7) is finite only for d < 0. Also as @ — 0, Rj(e/®) ~ ﬁ
The normalized autocorrelation is given by
d+1-1!
= ——-—" 3.12
pr(l) d— DI —d)! (3.12)

In (3.12) as [ — oo, pp(l) ~ Cql**~1. For 0 < d < 1/2 the autocor-
relation sequence decay monotonically to zero. In this case > ;> Ip()] =
oo and R(e/®) — 0o as w — oo. The spectrum is dominated by low-frequency
components (low-pass), and the divergence at w = 0 causes the long memory behav-
ior. The system acts as a fractional integrator. For —1/2 < d < 0 the autocorrelation
sequence decays monotonically to zero. In this case, Zj'i_oo lo(D)] < 0o, R(e/0) =
> o lp()] = 0, and the spectrum is dominated by high-frequency components
(high-pass). The model exhibits short-memory behavior. The system acts as a frac-
tional differentiator.
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3.4 Stable Distributions

A random variable is said to have a stable distribution if a linear combination of two
independent copies of the variable preserve the shape of the original distribution (up
to scale and shift).

A random variable x(¢) is stable or stable in the broad sense if, for x;(¢) and
x2(¢) independent copies of x(¢) and any positive constants a and b, (3.13) holds
for some positive ¢ and some d € R.

ax1 (¢) + bxa(©) L ex (@) +d (3.13)

where, the symbol 4 implies equality in distribution (i.e. both expressions have the
same probability law). The random variable is strictly stable or stable in the narrow
sense if (3.13) holds with d = O for all choices of a and b. A random variable
is symmetric stable if it is stable and symmetrically distributed around zero, e.g.

d
x(8)=—x(2).
There is no closed form expression for probability density function of these stable
random variables and are specified by their characteristic function given by

f'ﬂé—|U¥|u-(1—jﬂsign<s>tan(%))

fi 1

PO el (ymonl)
Jusloel" (1= (G)sigmom (&)

where, sign (§) = £/|&| if & # 0 and zero otherwise.
The parameters in (3.14) can be interpreted as follows:

1. The characteristic exponent ¢, 0 < o < 2, reflects the shape of the distribution
and therefore the flatness of the tails. « is known as the index of stability. A stable
random variable x (¢) with index « is called «-stable.

2. The symmetry of the distribution is determined by the skewness parameter
B, —1 < B < 1. For B = 0 the distribution is symmetric, for 8 < 0 it is
left skewed and for 8 > 0 it is right skewed.

3. The range of dispersion of the stable distribution is dictated by the scale parameter
o, 0<o < o0.

4. The center of the distribution is determined by the location parameter y, —00 <
U < 0o.

For 0 < o < 2, the tails of a stable distribution decay as a power law, i.e.
C
Pr[|x(§)—u|2x]:—aasx—>oo (3.15)
X

where, C is a constant that depends on the scale parameter o. Due to this nature,
«-stable random variables have infinite second-order moments.
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A symmetric ¢-stable distribution is denoted as S« S, and its characteristic func-
tion is given by

D(E) = pinE—logl® (3.16)

If x(¢) is SaS with « = 2 in (3.14), a Gaussian distribution is obtained with
variance equal to 202, that is, N (u, 202), whose tails decay exponentially and
not as a power law. Thus, the Gaussian is the only stable distribution with finite
variance. The other stable distributions have infinite variance which implies that
the corresponding random variables show large fluctuations. These are helpful in
modeling signals which vary between a big range.

If x(¢) is SaS with « = 1, we have a Cauchy distribution with density

o/m

GowrTol 6.17)

f Y (x) =
A standard (u = 0, 0 = 1) Cauchy random variable x(¢) can be generated from a
[0, 1] uniform random variable u(¢), by using the transformation

X = tan |:71 (u — %)] (3.18)

If x(¢) is SaS with o« = 1/2, we have a Levy distribution, which has both
infinite variance and infinite mean. The Probability Density Functions (PDF) of this
distribution does not have a functional form and hence must be computed numerically.
For further details of stable distributions please refer to Nolan (2003).

3.5 Statistical Self-Similarity of Stochastic Processes

A stochastic process is statistically self-similar or scale-invariant if its statistical prop-
erties are invariant under suitable scaling of time and space. Geometric objects (like
the Koch curve etc.) which exhibit self similarity are known as fractals (Mandelbrot
1983), whereas random signals which exhibit self similarity are known as random
fractals. Small fluctuations at small scales manifest themselves as larger fluctuations
at larger scales in a statistical self similar process.

A stochastic process {x(¢), t > 0} is said to be statistically self-similar if for any
¢ > 0 there exists b > 0 such that

x(et) bx () (3.19)

where, 4 denotes equality in all finite dimensional distribution.

Moreover, there exists a unique exponent H > 0 (known as the Hurst parameter)
such that b can be expressed as b = ¢!, Thus for such a process x(¢) a change in
time scale can be interpreted as being statistically equivalent to a change in amplitude
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scale, i.e. the transformation x(z) — ¢~ x(ct) is statistics invariant. Apart from
H = 0 all self-similar processes are non stationary.

A second order stochastic process {x(¢), t > 0} is wide sense H-Self-similar if
the following two conditions hold:

Ef{x(chy =c"E{x(t)} Yt>0, ¢>0 (3.20)
and
E {x(ct)x(cs)} = AHE {x(t)x(s)} Vt>0,s>0, ¢>0 (3.21)
For strict sense H-self-similarity,
xenLefx@) Ve (3.22)

All finite-dimensional distributions are equal for strict-sense self-similar
processes, while only second-order moments are equal for wide-sense self-similar
processes. These moments are as follows

() 2 E (x(0)y = ¢y (er) (3.23)
re(ti 1) 2 E {x(t)x(12)} = ¢ 2 ro(cty, ety) (3.24)

The wide sense definition is more general although it excludes self similar processes
with infinite second moments (e.g. non-Gaussian stable processes).

3.5.1 Self-Similar Processes with Stationary Increments

A real-valued process x(¢) has stationary increments if

X+ —x(MEx () —x(©0) Vr (3.25)

i.e. the distribution of x (# + t) — x (7) is independent of 7.

A continuous-time stochastic process is self-similar with stationary increments
(H-sssi) if and only if it is self-similar with index H and has stationary increments.
The mean value, variance and autocorrelation of an H-sssi process are given by the
Eqgs.3.26-3.28, respectively

e (1) =0 (3.26)
ol (t) =1*o} (3.27)
_1 2 2H 2H 2H
e o) = 507y (1P = 10— P + 0P (3.28)
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where 012{ =F {x2 (1)}.
The power spectrum of self-similar processes follows a power law and is
given by

2

Oy
Ry (F) = |F|2—H+l (3.29)

where, F is the frequency in cycles per unit of time. Since, R, (cF) = ¢~ GH+D

R, (F) the process is wide-sense self-similar.

3.5.2 Fractional Brownian Motion

The fractional Brownian motion (fBm), (Mandelbrot and Van Ness 1968) is a special
case of the H-sssi process where the probability distribution is Gaussian. It is denoted
by By (t) . The fBms are a generalization of the ordinary Brownian motion (H =
1/2) with Hurst exponents lying in the range 0 < H < 1.

For the fBm,

E[By(t)By(s)] = % [2H 421 e = P27} E [ By (1] (3.30)

The concept of fBm and fGn can also be described from the viewpoint of fractional
calculus (Magin et al. 2011). The fGn, r () can be defined as the fractional derivative
of the white noise w(z), and is given by,

ro(t) = D*w(t) (3.31)

where D is the fractional derivative operator of order c.
For the fGn r, (1), the fBm v, (¢), t > 0, is defined as

t

vy (1) :/ra(f)df (3.32)

0

3.5.3 Persistence and Anti-Persistence

The spectrum of the fBm is parabolic for 0 < H < 1/2 and is known to have anti-
persistence property since the increments tend to have opposite sign. This can be
obtained by the integration of a stationary fractional noise. A time series data from a
stock market fluctuation may exhibit such property. The time domain traces of fBm
show more wrinkled nature at lower values of H and are negatively correlated.
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The spectrum of the fBm is hyperbolic for 1/2 < H < 1 and is known to have
the persistence property as the increments tend to have the same sign. This can
be obtained by the integration of a non-stationary fractional noise. Geographical
coastlines exhibit such property. As H increases the time domain traces are smoother
and exhibit positive correlation, i.e. they show persistence in the direction in which
they are moving.

The ordinary Brownian motion H = 0.5 are neutral in persistence, i.e. the time
domain traces have zero correlation and do not show any preference to turn back or
move in the same direction.

3.5.4 Fractional Gaussian Noise

The stationary sequence x (n7) obtained by sampling the fractional Brownian motion
process By (¢) with a sampling interval T and then calculating the first difference is
known as the discrete fractional Gaussian noise. It can be represented as

x(nT)2 By(nT) — By(nT — T) (3.33)

As the statistical properties of the fBm do not change with scale, we set T = 1 to
obtain the discrete fractional Gaussian noise process as

x(n) 2 By (n) — Bu(n — 1)

and it is referred to as fGn.
Some important properties of the fGn are discussed next.
The autocorrelation of the discrete fractional Gaussian noise is

1
re ) = 305 (|1 —1PH 2P 4+ 1|2H) (3.34)

The fGn is wide-sense stationary as the correlation depends only on the distance /
between the samples. Also for H = 1/2, we have r,(I) = §(/) which implies that
the fGn process is white noise.

The power spectrum of the fGn process x () is given by

4 > ol 5 D 1
jo) — —jol _ _e i@
Ry (é‘ )—I_Z: ry(l)e —0'1-1CH‘l e ‘ _Z: |a)—|—27‘[k|2H+1
=—00 k=—00
(3.35)
where Cy = 2HT (2H) sin (w H) is a constant. For H = 1/2, a flat Power Spectral
Density (PSD) is obtained, which implies that for this special case the fGn process
is actually white noise. The discrete fGn process is self-similar at large scales (i.e.

asymptotically). This can be inferred from the fact that the autocorrelation decays
hyperbolically as |/| — oo, H # 1/2 and is given by
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r()y ~ o HQH — 1) |I|*H72 (3.36)

for large lags. Also the PSD obeys a power law as the frequency becomes very small
(or period becomes very large) i.e. as |w| — 0, H # 1/2 and is given by
2
R (e/) ~ CHM);% (337)

The fGn process has long memory in the range 1/2 < H < 1, since
Zﬁ_mr(l) = 00 or equivalently R (ef“)) — 00 as |w| — 0. In this case
the autocorrelation decays slowly and the frequency response is analogous to
a low-pass filter. However, the process exhibits short memory for 0 < H <
1/2, since X2 |r ()] < oo and D52 7 (I) =0, or equivalently R(e/?) —
0 as |w| — 0. Also, for 0 < H < 1/2, the correlation is negative, that is,
r(l) < 0 for ! # 0 and hence the process exhibits anti-persistence. For this instance,
the autocorrelation decays very quickly and the frequency response is analogous to
that of a high-pass filter.

The fGn can alternatively be viewed as the output of a fractional integrator
(1/sP,0 < B < 1) driven by continuous time stationary white Gaussian noise w(r)
with variance o2. The output can be written in the following convolution form:

t
1

yp(t) = D) / w(t)(t — )P~ lde (3.38)

—0Q

The autocorrelation of the fGn yg(¢) is given as:
28—1
r(t) = UZL (3.39)
2I'(2B) cos B

The autocovariance function of fGn can be represented by the associated Hurst
parameters also as follows:

R(7) = % [(r + 12 4 (- 1)2H] _H 150 (3.40)

3.5.5 Simulation of Fractional Brownian Motion
and Fractional Gaussian Noise

Statistical self similar processes in general are difficult to simulate since no explicit
mathematical formula exists for this purpose. The fBm being a special case,
an explicit formula exists. But to generate a continuous version of the process an
infinite memory would be required and thus only an approximate sampled version
of the fBm can be generated on the computer. Thus the property of self similarity
would not hold for the simulations at all scales. The fGn sequences can be generated
by calculating the first order difference of the corresponding fBm sequences. Two
methods for the simulation of fBm are briefly stated below.
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3.5.5.1 Spectral Synthesis Method

An fBm with an index 0 < H < 1 can be generated by this method. The method
relies on the fact that once the spectral density function of the fBm can be constructed,
the fBm itself can be obtained through inverse transformation.

3.5.5.2 Random Midpoint Replacement Method

This is a recursive method to generate an fBm and is based on the scaling property
of the increments. For more details please refer to Samorodnitsky and Taqqu (1994).

Since the fGn is the output of a fractional integrator driven by wGn (Guglielmi
2006; Tseng et al. 2000), computer simulation of fGn can be obtained as the output
of higher order continuous or discrete time realizations of fractional operators as
discussed in Chap.2. Some other popular fGn generation methods are listed below.

3.5.5.3 Fast Fractional Gaussian Noise Generator

This method is actually computes the Fast Fractional Gaussian Noise (FfGn)
(Mandelbrot 1971) as an approximation of the discrete fractional Gaussian noise.
FfGn can be expressed as the sum of low and high frequency components as

X; = x4 x"

where, X i(L) denotes the low frequency terms which is a weighted sum of Markov-
Gauss processes and X l.(H) denotes the high frequency terms which is a Markov-Gauss
process. X l.(L) can be defined as

N
1
(L) EPO)
Xizzz w2 Mm,"
n=0

where, Mt(") represents the nth Markov-Gauss process with variance 1 and weight
1
factor W,2 and
_HQH-1)

— —(BlfH _ BH*])BZH(Hfl) (34])
I3 —2H)

n

X i(H) is used to compensate for the approximation leading to (3.41).

3.5.5.4 Multiple Timescale Fluctuation Approach

The weighted sum of the exponential function of the time lag leads to an approxima-
tion of the fGn autocorrelation function Eq. 3.39 on the basic time scale. An algorithm
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to generate fGn can be derived using this property. A wide range of numerical simu-
lation indicate that the autocovariance function in Eq. 3.40 can be best approximated
in the mean square sense by the following expression (Koutsoyiannis 2002):

R =1.52(H —0.5)'32 (3.42)

The principle of this algorithm is same as the FfGn algorithm.

3.5.5.5 Disaggregation Approach

Since the statistics of the aggregated fGn have simple expressions, an inductive
algorithm can be used for generating fGn. The length of the series to be generated
is n = 2™ (where, m is an integer). Incase, n > 2™, then the series can be generated
with the next power of 2 and the excess terms over and above the required ones
can be discarded. Initially, the single value Z i") is generated from the knowledge of
its variance and is then disaggregated into two variables on the time scale n/2, i.e.

"/2 and Z"/2 The step is repeated until the series Zil) =X,...,z0 = x, is
obtamed One step of the induction algorithm for f{Gn generation can be described as
follows. Assuming that the fGn has been generated for the time scale k£ < n, the time
series generated for the next scale k/2 can be described as follows. In the generation
step, the higher level amount zgk)(l < i < n/k)isdisaggregated into two lower level
27

amounts | and Zg;/ ? in such a manner so that the following relation holds:

280D 78 _ 7 ® (3.43)

Thus, it is adequate to generate Zé’:/_ 21) and obtain Zg;/ ? from Eq.3.43. Thus at this
generation step, the values of the previous lower level time steps Z ik/ 2), e Zg;i 22)

... 2, are both available.

Theoretically speaking all correlations of Z,,’"| with the preceeding lower level
variables and the subsequent higher level var1ables are required. But a simpliﬁcation

and the values of the next higher level time steps Z
(k/2>

to the algorithm can be made by considering the correlations of Z( /2 7] with one

higher level time step behind and one ahead. Under this approximation Zg;i 2]) can
be generated by

237 = 8P + a 25 + b0z + 0128, + v (3.44)

where, a», a1, by and b; are the parameters to be estimated and V is the innovation
whose variance has also to be estimated.
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3.5.6 Fractional Levy Stable Motion and Noise

For a self-similar process, if the probability density function of the stationary incre-
ments is SaS it is known as fractional Levy Stable motion (fLSm). The fLSm have
heavier tails of the stable distribution than the fBm and hence show more fluctuations
in the time series than their fBm counterparts. Thus they can be used to model signals
having greater variability and long memory.

An fLSm process Ly o () can be expressed in terms of its increment process
XH,o (n) and is known as fractional Levy Stable noise (fLSn). The fLSn is defined
by the stochastic integral

XH,a (n) = LH,a n+1)— LH,ot (n)

—C / [(n +1 =gV iy — s)H—l/“] We (s) ds (3.45)

—00

where, C is a constant, « is the characteristic exponent of the S« S distribution, and
W (s) is white noise from an S« S distribution. Equation 3.45 reduces to an integral
description of fGn for « = 2. Since, Sa S distributions have infinite variance, the
second-order moments of the fLSm process do not exist (unlike that of fBm). For
more details please look in Adler et al. (1998). Some applications of fLSm in signal
processing can be found in Kogon and Manolakis (1996), Peng et al. (1993), Burnecki
and Weron (2004), etc.

3.6 Multi-Fractional Gaussian Noise

Various processes which exhibit LRD can be modeled more accurately by Fractional
Gaussian noise with a constant Hurst exponent rather than the conventional short
range dependent stochastic processes like ARMA, Markov or Poisson. «-stable self-
similar stochastic processes which are based on fGn can be used to model processes
with heavy tailed distributions which have LRD. However, since the Hurst parameter
is constant, the local scaling characteristic of the stochastic process may not be cap-
tured effectively in many complicated dynamic systems. Multi-fractional Gaussian
noise (mGn) and multi-fractional «-stable noise have local self similarity character-
istics since the constant Hurst parameter (H) is generalized to the case where H is
substituted by a time varying Holder exponent H (¢) such that0 < H (t) < 1. These
processes are expedient in characterizing non-stationary and nonlinear dynamic
systems.

From the perspective of fractional order signals and systems, if the white Gaussian
noise (wGn) is integrated with the fractional order «th integration, this gives rise to
the fGn. The fractional Brownian motion (fBm) can be considered as the (o + 1) th
fractional integration of wGn. The generalized fBm with time varying Holder expo-
nent is known as multi-fractional Brownian motion or mBm (Peltier and Véhel 1995).
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The mBm is represented in integral form as

0
" f [(t _ S)H(l‘)—l/2 _ (_S)H(l)—l/2] dB (S)

5 __ 9 |-
1o D= T g o 1172 + [t =) HO-12 4B ()
0

(3.46)
where, B(s) is the standard Brownian motion, o = var (B (1))|,_, and var (X)
stands for the variance of X.

Thus fBm is a special case of mBm with constant Holder exponent with H (1) = H.
Multi-fractional Gaussian noise is obtained by differentiating the mBm (Navarro
et al. 2006). The mGn is a non-stationary process as the mGn, in general, does
not have stationary increments. Hence the mGn provides a better model for non-
stationary, nonlinear dynamic systems.

3.6.1 Concept of Variable Order Integrator

If the order of the fractional integral « is time varying (Lorenzo and Hartley 2002),
then the definitions of Riemann—Liouville and Caputo fractional order operators can
be extended to incorporate this as shown below.

The Riemann—Liouville definition for variable integral order is given as

t
_ 1
D71 f () = m/(z — 1O f () dr + 9 (f,—q (1), a,c.1)

(3.47)
Fort > cand ¥ (f, —q (t) , a, c, t) is the initialization function with0 < g () < 1.
The Caputo definition for variable integral order is given as (Coimbra 2003)

1 / f'(t)dr N (f(0F) = f(07))ro®
(I —a() ) (t —7)*® I'(l —a()

DI f ) = - (3.48)

forO <a(t) <1

Similar to the relationship between wGn, fGn and fBm the relationship between
wGn, mGn and mBm can be established by replacing the constant Hurst exponent by
local Holder exponent H (¢), and replacing the constant « by « (¢). Thus the mGn
can be obtained from the output of variable-order fractional integrator with wGn as
the input (Sheng et al. 2011). The mGn Yy ) (t) can be described as

1
Yiw () = oD; Qo (1) = ﬁ / t — 1) o (r)dr (3.49)
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where, 0 < @ (t) < 1/2and H (t) = 1/2 4+ « (¢).

According to the definition of the mGn, mBm is the integration of mGn, so the
mBm is the [« (¢) + 1] th integration of wGn. Assuming w (f) = 0 when ¢ < 0, the
mBm can be described as:

1=
By (1) = oDy D (1)

‘
1 / H()—1/2
=—— [ (t—1) o (t)dt (3.50)
' (H 1/2
(H (1) + /)0

where, 1/2 < H (¢t) < 1, and w (¢) is wGn.

The concept of variable order integrator can be extended to random order fractional
derivative and integral, where the fractional order contains a noise term and useful
for characterizing complex stochastic real world processes (Sun et al. 2011).

3.7 The Fractal Dimension

The fractal dimension is a statistical measure which reflects how completely a frac-
tal appears to fill space as one zooms down to smaller scales. The concept of fractal
dimension D (also known as the Haussdorff dimension) has a logical analogue with
the property of self similarity or scaling. For a D-dimensional object which is sub-
divided into N identical replicas of itself, the side of each replica is scaled down by
the relation r = 1/ /N or Nr? = 1. Hence we have

log N

= Tog (1/1) S

Determination of the fractal dimension can be done by the box counting technique.
The total number N of enclosing boxes (or rectangles), required to cover all the iden-
tical sub-series that have been scaled down by the ratio r from the whole series,
is found out. Then Eq.3.51 is used to estimate the fractal dimension. Random vari-
ables which exhibit LRD (e.g. fBm) are fractal curves whose Haussdorff dimension
D is related to the Hurst exponent as D = 2 — H (Falconer 2003).

3.8 Hurst Parameter Estimators

Estimation of the self similarity index or the Hurst parameter is of prime essence in
this regard. LRD occurs when the Hurst parameter lies in the interval 0.5 < H < 1.
Various methods exist for finding out a constant value of H in this range and most
are based on log-linear regression between appropriate variables. In other cases, the
Hurst parameter may be a function of time. This might happen when the process



46 3 Long Range Dependence, Stable Distributions and Self-Similarity

has self similar characteristics but the nature of self similarity changes over time.
The local Hurst index H(t) contains information about the behavior of the process
and has different method of evaluation.

3.8.1 Estimation of the Constant Hurst Index H
in the Interval (0.5, 1)

Let, Yo, Y1, ..., Yy—1 be a fBm sample observed at the time points fo = 0,7 =
1/N,...,ty—1 = (N — 1)/N respectively.

Let, X = Yiy1 — Yi,k = 0,1,..., N — 2, then Var (X)) = N~2# for k =
0,1,...,N —2.

3.8.1.1 Time Domain Method (Aggregated Variance Method)

In the aggregated variance method the series { Xy} is broken down into several sub-
sequences of size m, where m € Z. . The aggregated process {X,({"”} is defined by
X;((m) = %(ka +-+ Xarnm—1) Yk e Z,.

Due to self similarity of the process Y the process X" = {X,im), k> 0}

has the same finite dimensional distribution as the process m”~!'X, where X =
{Xk, k > 0}. Thus, Var(X,im)) = m2"2Var (Xy) = m*""2N—2H 5 the same for
every k > 0 Let, M = | N/m]. An estimator for Var(X,Em)) is

M—1
Var(X™) = - > (Xl.(”” — x<m>) (3.52)
i=0

where, X () denotes the average of the sample X and is given as

| M=l
Xm) — o Z x™ (3.53)

i=0
The estimator of H is obtained by plotting Var(X ,((m) ) along the Y axis and m along
the X axis in a log—log graph. If the estimates of the variances are the same as the
actual values then the points would lie on a line with a slope 2H — 2. In practical
cases, a line is fitted along these data points and the Hurst parameter is obtained from

the slope of the fitted line.
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3.8.1.2 Frequency Domain Method (the Periodogram Method)

The periodogram is defined by

2

=

1

I =+ | > (Xe = X) et (3.54)

k

Il
=}

where, o is the frequency, i = +/—1, X is the sample average. Like the spectral
density, the periodogram is symmetric around zero. The periodogram is an asymptotic
unbiased estimator of the spectral density £, i.e.

lim E[l(w)]=f(w) (3.55)
N—o0
The values of I (wy) is computed fork =1, ..., N, where w; = wk/N.

The values of the periodogram at the sample frequencies wy are plotted on a log—
log scale. An estimate of the Hurst parameter H can be obtained from the slope of
the curve which is theoretically equal to 1 — 2 H. Many other methods like discrete
variations method, Higuchi method, R/S analysis, method of variance of regression
residuals, etc. can be used for the estimation of the Hurst parameter. For details please
refer to Rao (2010).

3.8.2 Estimation of the Time Varying Hurst Parameter
for a Locally Self Similar Process

For a locally self similar process, the time varying Hurst parameter can be estimated
by using wavelets as outlined below.

Let {Y(r), —oo <t < oo} be a stochastic process with E [Y (t)] = O for every
t > 0 and with covariance

Ri(ui,u2) =E[Y (@t +u)Y (@ +ul (3.56)
This process is said to be locally self-similar if
R (ui,u2) = R (0.0) = C (1) [y —wo PO (1 + 0 (1) (3.57)

As |uy| + |luz| — 0, for every t+ > 0, where C(¢) > 0. The function H(?) is
known as the local scaling exponent function. An example of such type of process
is the generalized fractional Brownian motion. Let i denote the Daubechies mother
wavelet and let Y, (r) denote the wavelet transform of the locally self-similar process
Y corresponding to the scale a and location ¢. Then,

ﬁ(t)zﬁ/ ¥ ()Y (t + ax) dx (3.58)
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also

ET0f =a [ [ vwm[RO.0- Ol -aP"0 iy = cia210

—00 —00

(3.59)
where
X 0
Ci1=C / / e = yPHOy (1) ¢ (n)dxdy (3.60)
—00 —00
Let,
- 2 = 2 > 2
Y. (@) = log (|Ya o) ),cz —E [log (|Ya O /E|%, 0] )] and
e @ =1log (|Ta 0*/E [Ta ) - €.
Then,
S 2
v (@) = Cs + log (E 1%, ()| ) +& ) 3.61)
A regression model can be derived from the above for small scale a as
yi(a)~c+ Q2H )+ 1)loga + & (a) (3.62)

where ¢ = log C1 + C».
H (t) can be estimated from the above regression model by the method of least

squares as
k _ _
_ 1 2= (5 =%) (v —Y)
Hk(t)=§|: J p — -1 (3.63)
Zj:l (x./' —x)
where, x; = loga; and y; = y, (aj) for j =1,...,k, and X = %21;21 xj and
— _1xk
y= EZj:ly./"

Assuming Y is a Gaussian process and the covariance function is of the form as
in (3.57)

H ()2 H (1) ask — oo

Details of the method along with a more rigorous proof can be found in Wang et al.
(2001).
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Chapter 4
Fractional Order Integral Transforms

Abstract This chapter introduces different transforms commonly encountered in
signal processing applications. The importance of the Fractional Fourier Transform
(FrFT) is highlighted and its interpretation and relation to various other transforms
are also presented. The concept of filtering in the fractional domain and various other
applications of signal processing using FrFT are also discussed. Other transforms
like the fractional Sine, Cosine and the Hartley transforms which are obtained by
suitable modification of the FrFT kernel is discussed. The fractional B-Splines and
fractional wavelet transforms are also briefly introduced.

Keywords Fractional Fourier Transform - Fractional B-splines - Fractional Wavelet
Transform - FrFT Based Filtering

Integral transforms techniques have become popular tools for scientists and
engineers to solve real world mathematical problems. There are several integral
transform techniques available like Fourier Transform, Laplace Transform, Hankel
Transform, Mellin Transform, Hilbert Transform, Sine and Cosine Transform,
Z Transform, Legendre Transform, Laguerre Transform, Radon Transform, Wavelet
Transform, etc. Exhaustive analysis on various integral transforms and their applica-
tions can be found in Debnath and Bhatta (2007) to solve fractional calculus related
problems and in Poularikas (1999) for theory of signal processing. In this chapter,
few fractional order integral transforms are introduced which have been found to
have advantages in signal processing over conventional integral transforms.

4.1 Fractional Fourier Transform as a Generalization
of the Standard Integer Order Fourier Transform

The standard integer order Fourier Transform maps a signal from its time domain
representation to its frequency domain allowing one to visualize quantitatively the
different proportions of various frequencies present in the signal. Fourier Transforms
are used widely in different fields of physics and engineering.
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However, the transform does not give information about the local time—frequency
characteristics of the signal which are especially important in the context of non-
stationary signal analysis. Various other mathematical tools like the Wavelet trans-
form, Gabor transform, Wigner—Ville distribution, etc. have been used to analyze such
kind of signals. The Fractional Fourier transform (FrFT) which is a generalization
of the integer order Fourier transform can also be used in this context. The repeated
Fourier transform FF f(x) yields f(—x) and applying it four times FFFF f(x)
yields the original function f(x). This can be expressed in the generalized notation
Fa where “a” is an integer representing the number of repeated application of the
transform on the input signal. The definition of the Fourier transform is suitably
modified so that “a” can take real non-integer values and is known as the Fractional
Fourier Transform (FrFT) (Ozaktas et al. 2001; Ozaktas and Aytiir 1995). It can be
shown that the application of the FrFT produces a signal representation that can be
considered as a rotated time—frequency representation of the signal. The rotation
angle « is related to “a” by o = am /2.

The FrFT is a linear operator and is defined as:

e o]

Xo(u) = Fo(x(1)) = / x (1)Ko (1, u)dt (4.1)

—00

where, K, (¢, u) represents the Kernel function defined as

1—jcota
K, (1 1) = Xej(uz/z) cotaej(tz/Z) cota—jutcoseca  if £ 27 4.2)
3 —u) if «=2nn
S(t + ut) if «a+m=2n7

and §(¢) represents the Dirac’s delta function.

When « = 7/2, the standard Fourier transform can be obtained from the above
definition. For @ = 0, the signal itself is obtained and for 0 < o < 7/2 the rotated
time—frequency representation of the signal is obtained.

The FrFT exhibits the following properties (Sejdic et al. 2011; Bultheel and
Martinez 2002):

Linearity. Fy (Zk ckxk(t)) = ckFo (xk(1))

Commutativity. Fo, Foy = ForFa,

Associativity. (fa3fa2) For = Fas (fazfal)

Repeated application of the FrFT of different orders is equal to a single application

of the FrFT whose order is equal to the sum of individual orders i.e. Fy Fo, =

Fe ajtan-

5. The inverse FrFT can be obtained by applying F_,, to the transformed signal i.e.
FoF_o = Fo where, Fy is the identity operator, i.e. Fo(x(t)) = x(t).

6. FrFT satisfies the Parseval’s theorem, i.e. (x(7), y(¢)) = (Xq (@), Yo (10)).

S
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Table 4.1 FrFT of some commonly used operations

Signal FrFT
x(t—1) exp (j (r2/2) sinacosa — jutsine) x Xo(u — 7 cosa)
x(t)exp(jvt) exp (—jvz(sina cosa)/2 + jvcos a) X Xo(u — vsina)
x ()t ucosaXq(u)+ jsinaX) (u)
u
x()/t —jsecaexp (j (u?/2) cota) x [ x(z)exp(—j (z*/2) coter) dz

—00

x(ct) /%Xﬁ ('Z:::g) exp (j (u?/2) cote (1 — (cos? B/cos?a)))
where cot 8 = cotar/c?
x' (1) X, (u)cosa + jusinoXy(u)

f[x (¢)dr seca exp (—j (u2/2) tana) x f Xo(2)exp (j (12/2) tana) dz
b b

if @ — /2 is not a multiple of &

7. The ath order FrFT shares the same eigen functions as the Fourier Transform,
but its eigen-values are the «ath root of the eigen-values of the standard Fourier
transform (Namias 1980).

For the proofs of these properties and other discussions please refer to
Mendlovic and Ozaktas (1993), Ozaktas and Mendlovic (1993) and Almeida (1994).

4.1.1 Some Basic Properties of FrFT

The FrFT of a signal under scaling, time shift, differentiation etc. which are
commonly encountered operations in signal processing applications are listed in
Table 4.1 (Sejdic et al. 2011).

4.1.2 FrFT of Some Commonly Used Functions

FrFT of some basic functions which can serve as building blocks for other compli-
cated functions with addition, multiplication or convolution are listed in Table 4.2
(Sejdic et al. 2011).

4.1.3 Relation of the FrFT with Other Transforms

Since the FrFT can be interpreted as the rotation in the time—frequency plane of the
signal, it can be related to other important transforms in the time—frequency plane
(Bultheel and Martinez 2002). Some of these transforms and their relation to FrFT
are discussed next.
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Table 4.2 FrFT of some commonly used functions

Signal FrFT

1 T+ jtanaexp (—j (u?/2) tan )
S22

_ 1—j cota J ((T +u )/2) coto
8(t —1) \/T exp(_jur e
exp(—12/2) exp(—u?/2)
. . i ((n* +u?) /2) taner
exp(jnt) Wexp(_junseca

exp (¢ (—2/2)) ./ i:j oL exp (j(uz(i‘zz)iizzli)wm) exp (—c(u?/2) esc? o/ (¢? + cot® )

4.1.3.1 Wigner Distribution

For a signal f, the Wigner distribution of the signal WV f, is given as,
1 o0
WHt ) = —= / (t+2/2)f(t — 2/2)e "dz (4.3)
f NeT f /2 f /
—00

This transform in a way reflects the energy distribution of the signal in the time
frequency plane. Putting f; = F f in (4.3) we have

/ WA ) du = | £()? (4.4)
and
/ Wt wydt = | fiw) 4.5)
so that,
\/%_/_/ WPt wydudi = |12 = LA .6)

which is the energy of the signal f.
The Wigner distribution of a signal f and the Wigner distribution of its FrFT are
related by a rotation over an angle —«, i.e.

W)t u) =R_aOV (1, u) (4.7)

where, « = an/2, f, = F,f and R_, stands for a clockwise rotation of the
variables (¢, u) over an angle «.
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In other words,
RaOWV fa)(t, u) = W fa)(ta, ua) = W), u) (4.8)

with (t,, ug) = Ry (t, u).

4.1.3.2 Ambiguity Function

The ambiguity function by definition is similar to the Wigner distribution with the
integral over the other variable.

(Af)t,u) = \/%_/ fz+1/2)f(z —t/2)e ™dz 4.9)

It is related to the correlation of the signal. (Af)(¢, 0) is the autocorrelation
function of fand (A f)(0, u) is the autocorrelation function of f; = F f. Similar to
the Wigner distribution, the following relation holds for the ambiguity function.

Ra(Afa)(t,u) = (Afa)(ta, ua) = (Af)(E, u) (4.10)

4.1.4 Two Dimensional Transform

The generalized one dimensional FrFT is defined as

o0

fa(f)(é*):/Ka(E,X)f(X)dx (4.11)

—00

where, K, (&€, x) is the kernel function.
The simplest separable generalization of the FrFT in two-dimensions is given by

(Fof)E) = Fapf)Em) = / / Kap(E. 0 x. ) (e )dxdy  (4.12)

—00 —00

where, Ky (8, 1; x, y) = Ka(§, X)Kp(n, y)

For the 2D-FrFT there are two angles of rotation:

a=amn/2and B = b /2.

Putting one of these angles zero, results in the reduction of (4.12) to (4.11), i.e.
to the one dimensional FrFT.

The FrFT can be extended to higher dimensions as
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(Fay,an SIEL - En)

o0 o0
:/-~-/Kal,...,an(‘f;‘l,...,(‘E,,;xl,...,xn)f(xl,...,x,,)dxl...dxn (4.13)
—0o0 —0o0

4.1.5 Discrete FrFT and its Computation

Practical realization of the FrFT requires its numerical computation (Marinho and
Bernardo 1998). Since the FrFTs have quadratic complex exponential kernels, very
fast oscillations are induced and numerical integration requires very fast sampling
times. This results in increased computational time and memory along with larger
numerical errors. Various other techniques have been used to circumvent this problem
with varying degrees of accuracy and computational loads. The direct sampling of
the FrFT to obtain its discrete version is mostly a simple application of the Shannon
sampling theorem (Zayed and Garcia 1999; Candan and Ozaktas 2003; Tao et al.
2008a,b). But some important properties like unitarity, reversibility, additivity, etc. is
lost, thus limiting its application in many cases. The linear combination type DFrFT
(Dickinson and Steiglitz 1982) is another realization which is based on linearly
combining the ordinary Fourier operators raised to different powers. Its advantage is
that it is an easy implementation of the Fourier operators, but it is altogether another
distinct definition of the FrFT and the transformed signal does not correspond to the
continuous FrFT. Another way of obtaining the DFrFT is based on the concept of
eigen-value decomposition (Pei et al. 1999). The signal obtained matches the contin-
uous FrFT and retains some important property of the FrFT. The main disadvantage
of this method is that it cannot be written in a closed form and has higher computa-
tional costs. Various other approaches for computing DFrFT for e.g. using Quadratic
Phase Transform (Yeh and Pei 2003; Ikram et al. 1997) and others (Xia 2000;
Bi et al. 2006; Ju and Bi 2007; Djurovic et al. 2001) have also been used.

4.1.6 Filtering and Noise Removal in Fractional Domain

Filtering, which refers to recovering the desired signal from a measurement corrupted
by noise, has major applications in signal processing. The concept of the digital filter
design which are employed for filtering purpose may be extended to the fractional
domain with additional advantages (Tao et al. 2006; Kutay et al. 1997).

The conventional filter can be written as

o0

xo(t) = / h(t — T)xi(t)dt (4.14)

—00
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A 4=t

ta+'l

Noise

Fig. 4.1 Concept of filtering with FrFT

where x; (¢), xo(t) and h(¢) refer to input signal, output signal and the impulse response
of the filter respectively.
Rewriting (4.14) in the form

xo(1) = \/%fq (F (xi (1) H(w)) (4.15)

where H (w) = F (h(t)),
the fractional filter can be written as a generalization of the conventional filter as

x0(1) = Fo {Fa {xi(0)} - Hy(u)} (4.16)

where Hy, (1) = Fy, {h(1)}.

Since performing the «th order Fractional Fourier Transform operation is equiva-
lent to rotating the Wigner distribution by an angle ¢ = a7 /2 in the clockwise direc-
tion, a fractional domain can be found where the signal and noise do not overlap.
Thus we can do the FrFT (rotate the Wigner distribution) by a proper choice of
rotation angle and then filter out the noise in the fractional domain. The concept is
illustrated in the schematic below (Fig. 4.1). It is obvious that conventional filtering
in the frequency domain would not be able to filter out the noise as the signal and
the noise overlap in this domain.
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Different window based filtering techniques, commonly used in traditional digital
signal processing have been extended for FrFT based filter design. This design tech-
nique has the advantage that the additional rotation parameter of the FrFT can be
used to control the main lobe width, minimum stop band attenuation, etc. The method
has been applied to the generalized “Hamming” window and the Dirichlet window
(Kumar et al. 2011). A method of tuning transition bandwidth of FIR filters using
FrFT have been found expedient as in Sharma et al. (2007) and have been shown for
two different types of window, viz. Kaiser and PC6. FrFT based adaptive filtering
techniques has been proposed in Durak and Aldirmaz (2010).

4.1.7 FrFT Applications in Other Areas of Signal Processing

4.1.7.1 Watermarking

Digital watermarking is a process of embedding information in a digital signal for
various purposes like visible identification (e.g., company logo on a video), steganog-
raphy (writing hidden messages), copyright protection of digital multimedia data, etc.
For multimedia data it is of advantage if more watermarks can be embedded in it
with almost negligible aberration from the original version. FrFT watermarks with
different angles have a small correlation among themselves and also can be detected
only if the angle under which the watermark is embedded is known. Due to these
properties the FrFT domain offers more flexibility for the purpose of embedding
more number of watermarks in the signal. Exploiting the two angles of the 2D FrFT,
more different watermarks can be hidden in images than that in the standard DFT
based domains. For more details please refer to Djurovic et al. (2001), Savelonas and
Chountasis (2010), Guo et al. (2007) and Simitopoulos et al. (2003).

4.1.7.2 Communication

DFT based techniques are conventionally used for designing multicarrier (MC)
systems. The Orthogonal Frequency Division Multiplexing (OFDM) is one of the
main representatives of this technique. OFDM has been used in applications like
broad band internet access, wireless networking, digital TV, audio broadcasting, etc.
OFDM can cope with severe channel conditions and is thus advantageous over single
carrier schemes. But for channels with selectivity in both time and frequency domains
(i.e. doubly selective channels), OFDM fails to give acceptable results. Discrete FrFT
can be implemented over DFT in these cases. For channels having rapid variations
with available line-of-sight component, there is a remarkable improvement in perfor-
mance. This is due to the fact that the time—frequency plane can be rotated so as to
compensate the undesired modulation of the signals, produced by these rapid varia-
tions. For further reading please refer to Martone (2001), Khanna and Saxena (2009)
and Erseghe et al. (2005).
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4.1.7.3 Compression

Data compression is used for encoding information using smaller number of bits
than the original representation. DFrFT and Set Partitioning in Hierarchical Tree
(SPIHT) have been used for data compression to achieve a high signal compression
ratio. Also the comparison of this technique with the Discrete Cosine Transform
(DCT) methodology shows that this has a higher quality of the reconstructed signal
and better percentage RMS difference. Further details can be found in Yetik et al.
(2001) and Vijaya and Bhat (2006).

4.1.7.4 Cryptography

Cryptography finds numerous applications in computer passwords, electronic
banking, online trading, etc. FrFT has been used successfully in cryptographic appli-
cations. For encrypting the plain text, parameters like angle of rotation, time exponent,
phase, sampling rate are chosen as the encryption key. Then a suitably modified FrFT
kernel for the given encryption key is used to be multiplied with the input signal to
produce the ciphertext. The reverse method is used at the receiving end to convert
the ciphertext back into plain text. More details on the application of FrFT in cryp-
tography can be found in Youssef (2008), Tao et al. (2008b) and Ran et al. (2009).

4.1.7.5 Pattern Recognition

The presence of the rotational angle in FrFT gives additional flexibility in pattern
recognition systems. FrFT has been used as a pre-processor for a neural network
resulting in significant reduction in classification and localization errors. The FrFT
increases the computational cost only in the training phase of the neural network and
does not affect the cost during operation. More details can be found in Barshan and
Ayrulu (2002) and Lohmann et al. (1996b).

4.1.7.6 Fractal Signal Processing

FrFT based estimation methods have been used to analyze the long range dependence
(LRD) in time series. Hurst exponent calculated by FrFT based methods have been
shown to be better than other existing ones (Chen et al. 2010) like Wavlet based
methods. FrFT has also been used for finding out the important parameters of fractals.
Further reading can be directed to Alieva (1996).

4.1.7.7 Miscellaneous

FrFT has been applied to solving differential equations, computer tomography (Gbur
and Wolf 2001), transient motor current signature analysis (TMCSA) (Pineda-
Sanchez et al. 2010; Sun et al. 2002), radar applications (Sun et al. 2002), 2D signal
processing (Ali Khan et al. 2011) e.g. image processing, etc. among others.
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4.2 Fractional Sine, Cosine and Hartley Transforms

The Fractional Cosine Transform (FrCT), Fractional Sine Transform (FrST) and
Fractional Hartley Transform (FrHT) can be obtained by a suitable modification of
the FrFT kernel K (¢, u).

The fractional order Cosine transform is given by

o0
Co(u) = / x()Re [K(t, u)]dt 4.17)
—00
where Re[-] indicates the real part of the kernel K, (¢, u).
The fractional order sine transform is given by

o0

Sa(u) = / x(O)Im[K, (¢, u)]dt (4.18)
—00
where Im[-] indicates the imaginary part of the kernel K (¢, u).

The fractional order Hartley transform generalizes the fractional order sine and
cosine transforms and is given by

Hy(u) = / x() (Im[Kq (2, u)] + Re [Ko (2, u)]} dt

—00

= Co(u) + Sy (1) (4.19)

For a real input signal, the FrCT and FrST spectrum corresponds to the real
and imaginary part of the FrFT spectrum. The FrHT is the fractional extension
of the Hartley Transform, which finds application in image processing and data
compression. The FrHT is phase-shift variant and inherits the advantages of both
the FrFT and the Hartley Transform. It can be used for efficient noise filtering and
pattern recognition.

The FrHT is a real transformation but its index is not additive, i.e.

Ha1+a2 (u) 7& HOlz {Hot] (u)} (420)

The indices of the fractional sine and cosine transforms are not additive as well.

CO{]—‘,—OQ(M) # COlz {Cal (M)} (421)

Sa1+0t2 (u) 7& SD{z {Sot] (u)} (422)

More details can be found in Lohmann et al. (1996a), Zhang et al. (1998) and
Pei et al. (1998).
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4.3 Fractional B-splines and Fractional Wavelet Transform

Wavelets are widely used for signal compression and analysis. They are very useful in
detecting and characterizing singularities in signals. This is due to the property that a
wavelet with n vanishing moments acts as a differentiator of order n 41, i.e. 1//7 (w) x
"t as w — oo. But for signals having a fractal nature, or fBms, it is useful if the
wavelet behaves like a fractional differentiator, i.e. {E (w) x @t as w — oo, for
some non-integer number « (Blu and Unser 2000). A set of wavelet bases have been
defined in Unser and Blu (1999), which have this property. They are derived from
a scaling function known as fractional B-spline [which is so named as they interpo-
late the polynomial B-splines at the integers (Unser and Blu 2000)]. The fractional
B-splines have similar properties of the integer order B-splines, like approximation,
regularity, scaling, etc. but they do not have a finite support (Unser and Blu 2000;
Panda and Dash 2006).

4.3.1 The B-spline and the Fractional B-spline

A generalized version of the Bezier curve is known as the B-Spline. Let a vector
known as the knot be defined as T = {tg, t1, ..., t,,}, where T represents a non-
decreasing sequence with #; € [0, 1] and let the control points be defined as Py, P,.
The degree is defined as p = m —n — 1. The knots t,11, ..., ty—p—1 are called
internal knots.

If the basis functional is defined as

‘ |1 ify <t <tiprandt; < tiqg
Nio®) = [0 otherwise (4.23)
and
t—1 t; 1—1
N p(t) = ———Ni p 1) + —L——Nij1 p 1 (1) (4.24)
liyp — 1 Lippt+1 — lit1
Then the B-spline is represented by the curve
n
C(t) =D PiN; ) (4.25)
i=0
The forward fractional finite difference operator of order « is given by
+o00 o
AL @) =D (=D ( . ) fx—1h (4.26)
k=0

where, (Z) is the binomial co-efficient.
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The fractional B-splines are the localized versions of the one sided power function
(x — k)% := max(x — k, 0)* and are defined as follows

RO > & <1)k(“+1)(x—k)i

+
4.27
S T T(a+1) @20
where, ['(a + 1) = goox"‘e’xdx and @ > —1/2 to ensure square integrability.

These functions interpolate the usual polynomial B-splines. They are termed as
causal since their support belongs to R .

The fractional B-splines decrease similar to |x| as |x| — oo. They have a
fractional order of approximation « + 1. This indicates that any polynomial of degree
< [a] can be expressed as a linear combination of 8% (x —k), k € Z. Thus from this
perspective they act like approximators, having a higher integer order approximation
of 1 4 [«] . The fractional B-Splines exhibit the convolution property

—a—2

B xB? = BT (4.28)

The fractional B-splines are not symmetric in general except for integer values
of . The centered fractional B-splines of degree « are given by

Ix — k|* (4.29)

o _ 1 Ry a+1
ﬁ*(x)_—”““)kezz:( Df | '

where |x|$ is defined as

|x|* .
m, o 18 not even
[x]¥ = o (4.30)
x“"logx )
_ o is even
(—1)1"'”71’
and ‘z is defined by the symmetrized version of the binomial function by
X

k

“(is)

4.3.2 Fractional B-spline Wavelets

The fractional B-Spline wavelets can be defined as

The fractional B-spline wavelets obey the following
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o0

/ X"y (x)dx =0 (4.32)

—00

The fractional spline wavelets behave like the fractional derivative operator of order
a + 1 for low frequencies. This is due to the fact that for w close to 0, the non-
symmetric and symmetric fractional spline wavelets are oc (—j »)?t! and Ia)l"”rl
respectively to the first order in . This is a useful property when handling 1/ f#
signals, since the fractional differentiator of order 8, “whiten” them (Blu and Unser
2000, 2002).

The fractional wavelet transform has been successfully applied for spectral
analysis of a complex mixture as reported in Din¢ and Baleanu (2006) and Ding
et al. (2010).
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Chapter 5
Fractional Order System Identification

Abstract This chapter discusses various time domain and frequency domain system
identification methods for fractional order systems from practical test data. System
identification is important in cases where it is difficult to obtain the model from
basic governing equations and first principles, or where there is only input—output
data available and the underlying phenomena are largely unknown. As is evident,
fractional order models are better capable of modeling system dynamics than their
integer order counterparts. Hence, identification using fractional order models is of
practical interest from the system designer’s point of view.

Keywords Time domain FO system identification - Frequency domain FO system
identification - Levy’s identification method - Vinagre’s identification method

System identification is used to obtain mathematical models of any dynamical system

from measured data. System identification is important in cases where it is difficult to
obtain the model from basic governing equations and first principles, or where there is
only input—output data available and the underlying phenomena are largely unknown.
Fractional order systems have better flexibility in modeling physical phenomena than
their integer order counterparts and hence are gaining importance in the research
community. Fractional order system identification has been used for the estimation
of the state of charge for lead acid batteries (Sabatier et al. 2006). Fractional order
modeling and identification of thermal systems has been investigated in Gabano et
al. (2011) and Gabano and Poinot (201 1a, b). The methods for system identification
can be broadly classified into time domain and frequency domain techniques. Some
fractional order system identification techniques are presented next based on these
classifications.
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5.1 Time Domain Identification Methods

Fractional order elements are generally approximated with Oustaloup’s recursive
formula for pole-zero distribution. For time domain identification of fractional order
models, the basic building block i.e. a FO integrator (s ~") needs to be modified with
an integrator instead of a gain outside the frequency range of fitting @ € [w;, wp], as
suggested in Malti et al. (2007).

s \'7Y 1+
o Cof T ~ G0 o 5.1
P (G NsH [ SR
wpB Wi

k=1

where wy = aw;, w1/<+1 = nwj, and

log o

y=1- (5.2)
logan

Here, {«, n} are real parameters and depends on the order of FO integration y.

Increase in the order of approximation N increases the accuracy of the rational model

with an undesirable increase in the model complexity. The rationalized state space

model has the following form

x (t) = Ax (t) + Bu (t)

(5.3)
yir (1) = Cx (1)
where yyr () being the yth order fractional integral of input u (¢),
1 0 --- --- 0770 o0 R
—a 1 w] —wi]
A=10 —a 1 0 @ —om
: 0
0 -+ 0 —a 1| O --- 0 oy —on |
r 0 -+ - 07 mCo (5.4)
—a 1 : 0
B=| 09 —o 1
L0 0 —a 1]LO
Cc=|[0 0 1]

Time domain fractional order system identification is mainly based on two class of
models viz., equation-error models and output-error models.
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5.1.1 Equation Error Model

Let us consider, the dynamical system is governed by the following fractional order
differential equation

YO + 51Dy (1) + -+ by Dy (1) 55)
=aoD™u (t) + a; D™ u (t) + - - - + @y, D4 u (1) )
with non-integer differentiation order 81 < o < -+ < By, 00 < 0] < -+ < Uy
The equation-error based models are based on linear coefficients. The system to be
identified is considered to be initially at rest and is characterized by the parameter
vector

6=[ao - amy, br - bu] (5.6)

In this method a commensurate order y is chosen and the differential orders in the
model are fixed as a multiple of y up to the maximum order of the numerator and
denominator of the FO transfer function. The maximum numerator and denominator
orders are chosen judiciously (¢, < Bmz — ¥) S0 as to ensure a strictly proper
transfer-function model.

o

mA
k
Zk:yo ags™’
B

1+ 3,7, bjsiv

F(s) = (5.7

Let us consider, that the observed input data u () and output data y* (¢) are collected
at regular samples: ko7, (ko + D) Ty, - - - , (ko + K — 1) Tj.

where y* (£) = y (t) + p (¢t) and p (¢) is the perturbation signal. Now, the esti-
mation method consists of computing fractional derivatives of sampled input and
output data using the Grunwald-Letnikov definition of fractional differentiation. The
system output can be expressed as the following regression form:

y() =9¢* )6 (5.8)
where 6 is the parameter vector and the regression vector is given by
¢* (1) =[D™u() --- Dau(t) —DPIy*(t) --- —DPry*)] (5.9)

The estimated parameter vector 6 is obtained by minimizing the quadratic norm of
estimation error:

J (é) —ETE (5.10)

where the error vector is composed as:
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E=[e(koTy) e(tko+DTy) -+ e(ko+K—1THI" (5.11)

and
() =y* (1) —¢* (16 (5.12)

The classical least-square method can now be used to obtain the minimum of J.

~

Gopt:(Q*Tq;*)_l@*Ty* (513)

where
T T T T
o* = [¢" kT ¢ (o +DT) - ¢ (ho+K-DT)| .14
As in the integer order case, fractional differentiation also amplifies noisy signals.

Hence, a linear low-pass filter is designed so as to obtain a linear continuous regres-
sion of the filtered input u ¢ () and output y*;- () signals:

yr ) =¢5 )0 (5.15)
where
o5 (1) =
[D%ur @ o Daug @y —DAYG @) - —DPreyi ()] 10

The filter is generally chosen to be causal, stationary and low-pass. Among the
possible filters the linear integral filter is most common:

1 L
H(s) = (-) (5.17)

N

where the order L is generally chosen as the highest order of differentiation in the
model to be identified i.e.L = B, In this modification, the system’s governing
differential equation can be rewritten as the following integral equation:

DBy (1) + by DPIPrs y (1) 4 - 4 by (1)

(5.18)
= apD Py (1) + ar DY Py (1) + - - - + ay, DY Prsy (1)

Here, the negative power of D denotes an integral operator.

This particular method avoids differentiation of noisy signals; however it inte-
grates noise, producing wrong steady-state and low dynamics estimations. To elim-
inate this problem the following fractional state variable filter can be used:

A

H(s) =
g +ays? + -+ oth—1s7’(Nf*1) + sV Vs

(5.19)
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Here, y N is the filter’s order. The filter design must meet the following design
specifications viz. Ny > max (ﬂmB,amA) and coefficients {ao, o, - ,aNf_l}
must be chosen such that H (s) is stable. A particular choice of the state variable
filter can be the fractional Poisson’s filter:

H(s) = T
+(5))
YNy
_ “r
: N - N (Ng-1) yN
N f Y y(Np—1 f YNy f
sV f—i—(l)a)fsy(f )+ +(Nf—l)wf sy+a)f

(5.20)
Frequency w y is fixed by the user close to the highest corner frequency of the system.
The state-vector, composed of filtered input and output is defined as:

xf=[D(Nf*‘)VZf(t), pNrDrz @y, - Zf(l‘)] (5.21)

Here, z y denotes either the input (u s) or output (y ¢). The fractional order state space
realization of the filter is given as:

DVxy(t) =Apxy(t)+ Brzy (1) (5.22)

where

C(NrY v (Nr) 2 Ny y yNs |

(l)wf (2)a)f Ny -1 a)f(Nf—l) wy

~1 0 0

Af: O .'. O

L 0 0 —1 0 |
and

Br=[w]™ 0 - 0].

The fractional Poisson filter can be simulated by the well known Grunwald-Letnikov
definition of fractional differentiation. The estimated parameter vector can now be
obtained by minimizing the quadratic norms of the filtered equation error:

7(6) = EfES (5.23)
where

Ep=[e(koTy) e(ko+1DT) -+ e(ko+K—1DT)I" (5.24)
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and

e(t) =y; () — ¢} 10 (5.25)
The solution is now given by the classical least square:
6= (o%a,)

where % = [¢77 (koTy) @77 (ko + DT -+ 937 (ko + K = DTy)]

Similar to the classical case, the above least square estimator is biased in the
presence of noisy output. To eliminate the bias the conventional instrumental variable
technique can be used:

! T
olys (5.26)

-1
A1V _ (I VT g* VT o
6ob = (cpf q>f) oV yy (5.27)
Here, CID?/ is the regression matrix, composed of derivatives of the filtered inputs
and derivatives of instrumental variables. The instruments can also be optimized to
achieve an accurate estimate.

5.1.2 Output Error Model

This technique allows simultaneous estimation of the model orders and the corre-
sponding parameters. This technique is generally applied in three different forms
viz., discrete-time simulation based, continuous-time simulation based and fractional
orthogonal function based.

5.1.2.1 Discrete Time Simulation Based Output Error Model

The system is considered to be initially at rest and the parameter vector in this
method is formed of the coefficients and orders of the numerator and denominator i.e.
0 =[ao, - amy. b1, bmpy, @0, Uy, Bl -+ + By |- For a commensurate order
system, if the order of the system is very high or the commensurate order y is very
small, the number of parameters to be estimated becomes large and the optimization
becomes ill-conditioned. To overcome this problem, the orders «,,, and B, can be
fixed as multiples of y. The system is then entirely characterized by the coefficient
vector 0 = [ag, -+ am,. b1, -+ by, y]. For identification of stable systems the
commensurate order can be constrained to ]0, 2[.

Considering observed data u () and y* (t) = y (¢)+ p (¢), p (¢) being an output
white noise, the quadratic norm

ko+K—1

J(é): > e (kTs,é) (5.28)

k=ko
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of output error

P (kTs, é) — V(T — $ (kTS, é) (5.29)

is now minimized. Since, the model’s output y (kTs, é) is nonlinear in 6, gradient-

based algorithms, such as Marquardt algorithm can be used to estimate 6 iteratively
using the following equations.

b1 =0 — [y + €] Jé}e_é_ (5.30)
where the gradient is
ko+K—1
J=-2 > ekry)s (kn, e) (5.31)
k=kqo

The Pseudo—Hessian is

ko+K—1
S~ =2 Y s (k1,.0) 8T (kT,.9) (5.32)
k=kg

The Output sensitivity function is

s (kT é) - (5.33)

and the Marquardt parameter is £.

5.1.2.2 Continuous Time Simulation Based Output Error Model

The equation given by (5.1), is a fractional order integrator bounded in the frequency

band. The differentiation order is estimated by keeping « fixed and calculating n of

Eq.5.1. When « and 7 are found, the order y can be calculated from Eq.5.2.
Considering the fractional differential system

D”y (t) + agy (t) = bou () (5.34)
and defining X (s) as
Ul
X (s) = T ag (5.35)

The generalized state space representation of this system is given by
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D”y (t) = —agy (t) + u (1)

(5.36)
y (1) = box (1)

As shown in Sect. 5.1 the equivalent continuous time state space model of (5.36) can
be represented as

xy (1) = —apxn 41 (1) +u (1)

(5.37)
v () =boxny1 ()

From the state space representation of the continuous time approximation, the
following global rational state space representation can be obtained:

x/G = Agxg + Bgu

V= Coxc (5.38)
where
0 0 —ao
Ag =A+ 0
0 0 o

Bg=B, CL=[0 -+ 0 bo]

and A and B being defined in Eq.5.3.
For the fractional integrator bounded in the frequency band[w4, wp], « is fixed
and the parameter vector

0" = [ao, bo, 7] (5.39)

is estimated.

The objective function is defined by Eqgs.5.28 and 5.29. The coefficients can be
calculated by the recursive Marquardt algorithm as in Eq. 5.30. Sensitivity functions
can be found by calculating the partial derivatives of (5.1) with respect to each of the
parameters of (5.39).

5.1.2.3 Orthogonal Function Based Output Error Model

A complete orthogonal basis in L7 [0, co[ (Lebesgue space of square integrable
funtions) have been synthesized (Aoun et al. 2007). Laguerre, Kautz and GOB func-
tions are hence extended to fractional differentiation orders. Thus any finite energy
stable transfer function F (s) belonging to the Hardy space H» (C +) can be written
as a linear combination of fractional orthogonal functions G, (s).



5.1 Time Domain Identification Methods 75
o0
F(s)=) anGn(s) (5.40)
m=1

Equation 5.40 is truncated to an order N and F (s) is approximated by

M
F ()~ Fy (s) = D anGn (5) (5.41)
m=1

Letu (t),y (t),t € [0, T'] be the input and output data obtained from a finite energy
linear fractional model. The identification method consists of computing the optimal
coefficient vector g = [a1, a2, ..., a ~17, obtained by the least square minimization
of

1 r 5
J = 7/(8 ()~ dt (5.42)
0

where e (1) = y (1) — SM_ aug,, ()
and y () and ug,, (t) are respectively the system and the orthogonal network
outputs,
ug,, (1) =Gm (t) @ u (t) (5.43)
Setting
ug (t) = [ug, (1) ug, (t) -+ -ug, )] (5.44)
the optimum estimation of the Fourier coefficients g is given by

T -1 7
= /uG O ug (1) dt /uG T y () dt (5.45)

0 0

5.2 Frequency Domain Identification

5.2.1 Levy’s Identification Method for Fractional Order Systems

Assuming a linear system is described by a transfer function G having a frequency
response G (jw), the identification consists of finding out another transfer function
of the form
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bo + bis? + bys? + -+ bys™ DL brst

G(s) = =
ap + ais? + ars?d + - - - + a, s > o akska

(5.46)

where the orders m and n of the numerator and denominator respectively are user
specified and ¢ is the fractional derivative order. Without loss of generality, setting
ap = 1 in (5.46) we have the corresponding frequency response of the identified
model as

Siobk (jo)* N (jo)  a () + jB (o)

G (jw) = = —
be) Si_oak (jo)kd  D(jo) o (w)+jT(w)

(5.47)

where N and D are complex valued and «, §, o, T are real valued. From (5.47)
we have

o (@) = ékae [( ja))kq] (5.48)

o () = éakRe [(jw)kq] — 14 kn;akRe [(ja))kq] (5.49)
B (@) = ébklm [ (5.50)

T () = éaklm [ ] = gaklm [ (5.51)

The error between the identified model and the actual system is then given by

N (jw)

e(jo) =G (jo) - 5 o)

(5.52)

Since it is difficult to choose parameters in (5.46) such that the error in (5.52) is
minimized, Levy’s method minimizes the square of the norm of

E(jo):=e(jo)D(jo) =G (jo) D (jo) = N (jo) (5.53)

which gives a set of normal equations having a simpler solution method.
Dropping the frequency argument w to obtain a simple notation of (5.53) we have
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E=GD-N
=[Re (G) + jIm (G)] (o + jT) — (¢ + jB) (5.54)
=[Re(G)o —Im(G)T —a]+ j[Re(G) T +1Im (G)o — B]

Differentiating Eq. 5.55
|E|> =[Re(G)o —Im(G) T —a]? + [Re (G) T +Im(G)o — B> (5.55)

with respect to one of the coefficients by, k € {0, 1,...,m} orax,k € {0, 1, ..., n},
and putting the derivative as zero, we have

IE?
by, a

(5.56)

ie.,

[Re (G)o — Im (G) T — ] Re [(jw)’“f} +[Re(G)t +Im(G)o — B]Im [(jw)kq] -0

(5.57)
8;22 _0 (5.58)
ie.,
o {[Im (G)]* + [Re (G)]z} Re [(jw)kq]
. {[Im (G)]* + [Re (G)]z} Im [(jw)kq]
+a fim(G)1m [ ()] - Re (G) Re [ ()|
iy {—Im (G)Re [(jw)kq] —Re (G)Im [(jw)kq]} =0 (5:59)

The m + 1 equations obtained from (5.57) and n equations obtained from (5.59) form
a linear system which can be solved to find the coefficients of (5.46)

[ o]le]-Li] 50

Are = —Re[(j)'" | Re [(j)] — Im [ (jeo)'*] tm [(jeo)?]

[=0,--- , mAc=0,---,m

(5.61)
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B = Re[(j)'" | Re[(jo)*"| Re[G (je] + Im [ (jeo)" |
xm [(jo)] Im[G (je)] = Re [ (jeo)'* ] tm [(jeo)]
X Im[G (jeo)] + Im [ (jo)'* | Im[(je) 7] Re (G (jo)]

[=0,---  mAc=1,---,n

Cre = —Re[(j)' | Re[(jo) /| Re[G (jo)] + Im [ (o'
x Re[(jo)*]Im[G (jo)] — Re [ (jeo)'* | 1m [(jo)7]
X Im[G (j)] —Im|[(je)!*]tm[(jo)|Re[G (jo)]

l=1,--- ,nAnc=0,---,m

Dic = (IRe[G (j)) + Im[G (o)) x {Re [ (je)'?]

xRe [(jw)*] + Im [(jw)lq] Im [(jw)“]]}

l=1,---,nAnc=1,---,n
e = —Re [ (j)'" |Re[G (j)] — Im[ (j)'* | Im[G (jeo)]
1=0,---.m

g1 = —Re [(jo)'"] (Re[G (j)1)? + {Im (G (jeo)11?)

b:[bo bm]T,az[al an]T

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

(where A represents the Boolean operation of conjunction). For further details please
refer to Valério and Sa da Costa (2005); Valério and Costa (2007); Valerio et al. (2008)

and the references therein.

5.2.2 Managing Multiple Frequencies

Theoretically speaking, data from one frequency is sufficient to find a model. But in
practice due to noise and other measurement inaccuracies, it is desirable to know the
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frequency response of the plant at more than one frequency to obtain a good identified
model. There are two different approaches to deal with data from f frequencies.

The first approach is to sum the systems for each frequency. In this case the
matrices A, B, C, D and the vectors e and g in (5.60) is replaced by

f f f
i=34, B=X8,C=3c,
p=1 p=1 p=1
(5.68)
o s !
D=ZDP, ?:Zep,g;:ng.
p=1 p=1 p=1

where A, By, Cp, Dy, e), gp are given by (5.61)—(5.67) for a particular frequency
wp.ie., Ap = A (wp) and others follow similarly.

The second way is to stack several systems to obtain an over-defined system. The
pseudo-inverse ([-]7) can be used to obtain a solution to this. Thus Eq. 5.60 becomes

A1 B e ] (AL B [e]

Ci Dy 81 Ci Dy 81

Ay B () Ay B ()

C D [b}z 82 i[b}z Cy D 82 (5.69)
. . a . a . . .

Ay By ef Ay By ef

L Cr Dy | L& ] LCr Dy | [&r]

5.2.3 Adaptation of Levy’s Algorithm Using Weights

The identification method can be enhanced using weights for each of the
f frequencies. Then Eq. 5.68 can be modified with weights to obtain

= le::l wpAp, B = Z£:1 wpBp, €= Z,C:l wpChp,

D= Z}f;:l wpDp, €= Z;::l Wpep, g = Z{):l Wp&p-

)

(5.70)

5.2.3.1 Vinagre’s Method

Levy’s method has a bias and as such often results in models which have a good fit
in the high frequency data, but a poor fit in the low frequency data. Weights that
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decrease with frequency can be used to balance this. One reasonable value of weights
is (Valério and Sa da Costa 2005; Valério and Costa 2007; Valerio et al. 2008)

w2 —w] : —
St ifp=1
wp = w”+'2+]§”"1 ifl<p<f (5.71)

Wf—wf_| . _
Zw} lfp - f

5.2.3.2 Sanathanan’s and Koerner’s Method

Since Levy’s method minimizes E instead of ¢, it is possible to find the result of
minimizing E through several iterations L, where the function to be minimized is
GD - N

Ep=———7 (5.72)
L Dy

In the first iteration D1 = 1 is put to obtain Levy’s method. Subsequently Dy _; is
the denominator found in the previous iteration. This corresponds to a weight

1

- m (5.73)

Wp

If the iterations converge, i.e. D1 & Dy we have E; — ¢. This method also
counterbalances the small effect of low frequency data in the final identified model.
More details about this method can be found in Sanathanan and Koerner (1963).

5.3 Other Identification Techniques

Other identification techniques for fractional order systems like improved time and
frequency domain methods (Djamah et al. 2008; Valério and Sa da Costa 2010,
2011), subspace methods (Wang et al. 2011), use of bode diagrams (Ghanbari and
Haeri 2011), continuous order distribution (Hartley and Lorenzo 2003; Nazarian and
Haeri 2010) can also be used depending on the specific requirements of the designer.
The continuous order system identification is a new philosophy that considers an
order distribution instead of a fixed value of fractional order. This is a frequency
domain identification technique. Hartley and Lorenzo (2003) proposed the idea for
estaimating all pole continuous order transfer function models and (Nazarian and
Haeri 2010) generalized the concept for pole-zero models also.
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Chapter 6
Fractional Order Statistical Signal Processing

Abstract The first part of this chapter introduces the different forms of Kalman
filter for fractional order systems. The latter part deals with signal processing with
fractional lower order moments for «-stable processes. Some methods of parameter
estimation of different «-stable processes are reported. The concept of covariation,
which is analogous to covariance for Gaussian signal processing, is introduced and
its properties and methods of estimation are discussed.

Keywords Fractional Kalman Filter - Extended Fractional Kalman Filter -
Fractional lower order moments - Covariation + Symmetric stable distributions

6.1 Fractional Order Kalman Filter

6.1.1 Brief Overview of the Kalman Filter

Filtering is one of the important pillars of signal processing. It is the process by which
unwanted noise can be removed from a signal to obtain the original uncorrupted data.
It has many practical uses in a wide range of engineering disciplines like commu-
nication, control, embedded systems etc. The Kalman filter is an algorithm that can
estimate the state variables of a process. From a mathematical viewpoint the Kalman
filter algorithm is an optimal state estimator which estimates the states of a linear
system from inaccurate and uncertain observations. The Kalman filter is optimal in
the sense that it minimizes the Mean Square Error (MSE) of the estimated parameters
if the noise follows a Gaussian distribution. If the noise is not Gaussian and only
the mean and standard deviation of the noise is known, the Kalman filter is the best
linear estimator, though other non linear estimators may work well, depending on
specific cases. The term filter is used in the sense that obtaining the best estimate
from noisy data is equivalent to filtering out the noise. However, the Kalman filter
not only tries to remove the noise from the measurements, but also projects these

S. Das and L. Pan, Fractional Order Signal Processing, 83
SpringerBriefs in Applied Sciences and Technology,
DOI: 10.1007/978-3-642-23117-9_6, © The Author(s) 2012



84 6 Fractional Order Statistical Signal Processing

measurements onto the state estimate. Kalman filter has gained wide popularity in
practical applications due to the following:

1. The recursive nature of the algorithm is suitable for real time implementation
as the measurement data can be processed as they arrive as opposed to batch
processing.

2. The optimality, simple structure and ease of implementatioan of the Kalman filter
helps in obtaining good results in practical applications.

6.1.2 The Fractional Kalman Filter

The integer order Kalman filter is extended for state estimation of Fractional order
linear state space systems and is known as the Fractional Kalman Filter (FKF—
Sierociuk and Dzielinski 2006b). The fractional order Grunwald-Letnikov difference
is given as:

m-—Z( 1)1( ) | (©6.1)

where n € R is the order of the fractional difference, R is the set of real numbers,
h is the sampling interval, and k is the number of samples for which the derivative is

calculated. The factor ;l can be obtained using

n 1 for j=0
i = n(n—l)n]-.(!n—j—i-l) for j>0 (6.2)

Thus the definition allows one to calculate the discrete equivalent of non-integer
order differ-integrals. A positive value of n denotes differentiation of that order and
a negative value denotes integration. The original function is obtained for n = 0.
Now a traditional stochastic discrete state space is of the form

X = Ax; + Buy + o
k+1 k k k 6.3)
Yk = Cxp + vi

where xy is the state vector, uy is the system input, y is the system output, wy is the
system noise and vy is the output noise at the time instant .
This can be represented by

Alxeir = Agxy + Bug + o

Xk41 = Alxk+1 + Xk (6.4)
Yk = Cxg + vk
where Alxk+1 = Xg41 — Xk is the first order difference of the sample x; and

Ag = A — I (where [ is the identity matrix).
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Thus the generalized discrete time linear fractional order stochastic system in
state-space representation is as follows (Sierociuk and Dzielinski 2006a):

AY xp11 = Agxy + Buy + wy

k+1
Xip1 = AV xipr — D (=1 v (6.5)
j=1
Yk = Cxp + v
AMX] gy
. ni ny .
where y; = diag [(k ) (k )j| and AV xp41 =
A™WXN k1
Here, n1, ..., ny are the orders of system equations and N is the number of these

equations. Estimation results are obtained by minimizing the following cost function
in each step:

Sy =argmin [ (& —0) B G- 0 + G- CO R G- 0] (66)

where X, = E [xk lzf_ 1] is the state vector prediction at the time instant k, defined as
the random variable x; conditioned on the measurement stream z,f_ |- Additionally,
xx=E [xk |z,*;] is the state vector estimate at the time instant k, defined as the random
variable x; conditioned on the measurement stream z;’. The measurement stream z;;
contains the values of the measurement output yg, yi, ..., yy and the input signal
UQy ULy ..y UN.

The prediction of the estimation error covariance matrix is defined as:

Pi= E |G —x0) Ge = x0” | (6.7)

The covariance matrix of the output noise vy is defined as Ry = E [vk va] and the

covariance matrix of the system noise wy is defined as Qy = E [wka)kT] . Addition-
N N T7. .. . .

ally, P, = E [(xk —xk) (X — xx) ] is the estimation error covariance matrix. All

the covariance matrices are assumed to be symmetric.
The FKF for the discrete fractional order stochastic system in the state-space
representation introduced by (6.5) is given by the following set of equations:

AV X1 = AgXx + Bug,

k+1
Bepr = AV Fep — D (=1 yifkyi-,
j=1
_ . u . 6B
Pi=(Aa+y) Pt (Aa+yD)" + Qe + D viPijv]
j=2

Xk = Xk + Kk (yk — Cxp)
Pc = (I — KC) Py
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= = -1 . e e ..
where Ky = PrCT (CP.CT + Ry)  with the initial conditions
~ - T
x0 € RY, Py=E[(Ro —x0) o —x0)" |.

Here v and wy are assumed to be independent and with zero mean.
The two simplifying assumptions used in the derivation of the above FKF are as
follows:

@ E [0 5] = E w1524y fori =1 e+ 1)
(b) E [(321 —x1) (fm — xm)T] are equal to zero when [ # m.

Expression (a) can be interpreted in the sense that the last state vector is updated in
each of the filter iteration. Expression (b) implies that no correlation exists amongst
past state vectors. For practical implementation of this algorithm in actual hardware
the number of elements in the sum in (6.5) has to be limited to a predefined value L.
Thus Eq. 6.5 can be expressed as

L
Xerr = Axn = D (=D yixe (6.9)
Jj=1
A small value of L speeds up calculation but affects the accuracy of the esti-
mate, while a large value gives more accuracy at the cost of increased computation.

The choice of L depends on sampling time and system time constants and must be
appropriately chosen for each application.

6.1.3 The Extended Fractional Kalman Filter
Jor Non-linear Systems

The FKF is only valid for linear stochastic fractional order systems. The FKF can
be modified to be applied for non-linear difference equations and is known as the
Extended Fractional Kalman Filter (EFKF). The nonlinear discrete stochastic frac-
tional order system in a state-space representation is given by:

AV X1 = f (X, ug) + wx,
k+1 _

Xerr = AVxr = D (=D yixe . (6.10)
j=1

Yk =h (xx) + .

For this nonlinear stochastic discrete fractional order state space model the
Extended Kalman Filter is given by the following:
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A S = f (%, ur)
k+1
Xip1 = AV X1 — Z(—l)’ YiXkr1—j
Jj=1
_ . k . 6.11)
P = (Fr—1+yD) Pe—1 (Fi—1 +y1)" + Qk—1 + ZVij—jVj .
j=2

Xk =Xk + K (k — h (1))
P, = (I — Ky Hy) Py

. . . . . T
with the initial conditions xo € RV, Py=E [(xo —x0) (%0 — x0) ] ,
where

~ T ~ T —1
m:&m(&&m+&),

P [8f (x,uk_l)] o [ah (x>] 6.12)
e ax x=fiy T i

X—

and the noise sequences v and wy are assumed to be independent and zero mean.

The EFKF has found applications in practical estimation problems as in
Romanovas et al. (2010) and in chaotic secure communication schemes as in Kiani-B
et al. (2009).

6.1.4 Improved Fractional Kalman Filter

The assumptions of the FKF as stated in expressions (a) and (b) of the earlier section
make the filter suboptimal. The infinite dimensional form of the discrete fractional
state space considering all its previous states can be used to overcome these lim-
itations and obtain an optimal solution of the Kalman filter. But due to the infi-
nite dimensional form, numerical computation is quite difficult. Thus the improved
Fractional Kalman filter (EXFKF) (Sierociuk et al. 2011) has been proposed which
assumes that only m number of past state vectors are used in the estimation process.
This reduces the computational load in comparison to the infinite dimensional case
and is an improvement over the FKF.Next, the linear fractional order state space is
defined in such a manner that it comprises of m state vectors from time kto k —m + 1.

k+1
Xir1 = AmXe + B+l =1 > (=1 yjxiq1—j

fontt (6.13)

i = Cp Xy
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where
Xk 1
Xk—1 0
Xk = . I= ,
Xk—m+1 0
(A+y) =Dy oo = (=D"ym
I e 0 0
A, = . . . . , (6.14)
0 I 0
B
0
| 0

and I € RV* is the identity matrix.

The ExFKF for the m-finite form of the discrete fractional order system is as
follows:

k+1
i1 = AnXa + B =1 D (=1 kg1
j=m+1
_ k
Pe = AwPiot AL+ Quor + D Ty Py ] 10 (6.15)
j=m+1
Xe = Xpe + Ky (v — CnXy)
Pr = I — Ky Cp) Py

where

~ T ~ T —1
K = BCT ((C,,,]Pkcm + Rk)

1
0
I=| .|, Q=100
0 (6.16)
P,k Per—1 o Prokem

Pk Pr—1,k-1 - Pr—1,k-m
Py = . . . )

Pem, k Pr—m, k=1 - Prem, k—m
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with initial conditions
Xo S RmN, Py =E [(Xo — Xo) (Xo — X())T]

and noises v, w are assumed to be independent with zero expected value and matri-
ces P, Ry are positive-defined.

The ExFKF has been successfully applied to an estimation problem over lossy
networks in Sierociuk et al. (2011).

6.2 Fractional Lower Order Moments and Their Applications
to Signal Processing

6.2.1 Importance of Non-Gaussian Statistical Signal Processing

Traditional statistical signal processing techniques are mostly based on the assump-
tion of the ideal Gaussian model of signal or noise. In many applications this is
logical and can be explained from the Central Limit Theorem. However, many appli-
cations in signal processing is inherently non-Gaussian and as such systems designed
with Gaussian assumptions exhibit severe performance deterioration in such non-
Gaussian environments (Tsakalides and Nikias 1998; Tsihrintzis et al. 1996; Arikan
et al. 1994; Bodenschatz and Nikias 1997; Tsihrintzis and Nikias 1996; Arce 2005;
Zha and Qiu 2007).

Stable distributions as discussed in Chap. 3 are a class of important non-Gaussian
models which are a flexible modeling tool and are able to describe a wide variety of
modeling phenomena. The tails of the density function of the non-Gaussian stable
distributions are heavier than their Gaussian counterpart and are suitable in modeling
signals having bursty or impulsive nature. The characteristic exponent a € (0, 2) of
the stable distributions is a measure of the heaviness of the tails. Smaller values of
« near 0 implies severe impulsiveness. As « — 2 a more Gaussian type behavior is
observed and for o = 2 the Gaussian distribution itself is obtained.

However, the stable distributions do not enjoy wide popularity in the signal
processing community due to two reasons. Firstly, except for few values of «, the
stable distributions do not have explicit expressions for their density or distribution
functions and their computation is heavily reliant on infinite series expansions or
numerical integration of the Fourier inversion formula based on the characteristic
function. But the simplicity of the characteristic function partially compensates this
unavailability of closed form expression and many standard statistical procedures like
Maximum Likelihood Estimation (MLE) and hypothesis testing can be implemented
using these characteristic functions. Secondly, for non-Gaussian stable distribution
whose characteristic exponent is «, only moments of order less than « are finite.
This implies that variance or the second order moment of these stable distributions
with ¢ < 2 does not exist and variance cannot be used as a measure of disper-
sion. Also many other standard signal processing techniques like spectral analysis
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and least square based methods which are based on the assumption of finite vari-
ance will not be appropriate in this case. Especially least square techniques give poor
performance if the signal contains outliers (which is inevitable in non-Gaussian envi-
ronment) mainly due to their non-robustness in the presence of outliers. Thus, other
statistical techniques based on Fractional Lower Order Moments (FLOM) (Shao and
Nikias 1993) have to be used in these cases which makes non-Gaussian stable signal
processing harder and more complicated than their traditional Gaussian counterpart.

Since the variance of a non-Gaussian stable distribution is not finite, the dispersion
which is analogous to the variance is used, as a measure of the variability of the stable
random variables. The minimum dispersion criterion which is a generalization of the
minimum mean squared error (MMSE) criterion is a measure of optimality in stable
signal processing. The average magnitude of the estimation error and the probability
of the large estimation errors are minimized by minimizing the error dispersion.

FLOM of estimation errors is a measure of the L, (for p < o < 2) distance
between an estimate and its true value. Minimizing the dispersion is actually equiv-
alent to the minimization of the FLOM of the estimation errors. FLOM based stable
signal processing brings in non-linearity even in simple linear estimation problems
since they have to be solved in the Banach or metric spaces as opposed to the Hilbert
space in the Gaussian case. Higher moments have been extended to the fractional
and complex cases and analysis has been done in Nigmatullin (2006).

6.2.2 Characteristic Functions, FLOM and Covariations

6.2.2.1 SoS and Their Characteristic Function

The characteristic function of a SaS process of a real random variable X is of
the form

¢ (1) = exp {jat —y |1|"} (6.17)

where 0 < o < 2 is the characteristic exponent, y > 0 is the dispersion (same as o
as introduced in Chap.3) and —oo < a < 00 is the location parameter (same as i
as introduced in Chap. 3).

The real random variables X1, ..., X, are jointly SaS if their joint characteristic
function is of the form:

o) =exp | ji’a —/'th‘a s (ds) (6.18)
S

where the spectral measure 1 (-) is symmetric, pg (A) = g (—A) for any measur-
able set A on the unit sphere S. t, a, s are n-dimensional real vectors.

Forl <o <2, Xy,..., X, are jointly SaS if and only if all the linear combi-
nations a1 X1 +arxXo + - - - + a, X, are SaS.
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6.2.2.2 Fractional Lower Order Moments

The second order moments of all SaS random variable with 0 < « < 2 do not exist.
However, all moments less than ordera exist and are known as FLOM. The FLOM of a
Sa S random variable can be expressed in terms of the dispersion y and characteristic
exponent «, as follows:

r
™

E|XIP=C(p,a)y (6.19)
2”+1F(pT+])F(—p/a)

: ) VAl /) N
X is an SaS random variable with zero location parameter and dispersion y. The

norm of X can be defined as:

for0 < p < a where C (p, @) = , T is the gamma function and

1
IX|l, = {ve forl=sa=2 (6.20)
y forO0 <a <1
Hence, the norm|| X ||, is actually a scaled version of the dispersion and quantifies
the distribution of X through the characteristic function

exp {—IXII%11]*} forl <o =<2

exp{— [ Xl 12]*} for0 <« <1 6.21)

w(t)=[

For two jointly SaS random variables X and Y, the distance between them is
defined as:

do (X, Y) =X =Yy (6.22)
From Egs. 6.19, 6.20, 6.22 the distance d,, (X, Y) can be expressed as

(EIX =Y|7/C(p,@))"  forO<p<a, l<a<2

6.23
(E1X —YI7/C (p,))*” for0<p<a,0<(x<1( )

dy (X, Y):[

Thus the distance d, (X, Y) is a measure of the pth-order moments (0 < p < «)
of the difference of the two S« S random variables X and Y. For Gaussian distribution
(a = 2), d, is half of the variance of the difference. Also all lower order moments
of a SaS random variable are equivalent in the sense that the pth and gth order
moments differ by a constant factor irrespective of the S«S random variable for all
O0<p, g<a.

6.2.2.3 Covariations and Their Properties

Traditional signal processing techniques like prediction, filtering and smoothing are
based on the concept of covariance. However since Sa S random variables do not
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have a finite variance, hence the covariance do not exist. An equivalent quantity
known as covariation has been defined to circumvent this issue.

For two jointly SaS random variables X and Y, with | < o« < 2, zero location
parameters and dispersions yy and yy, respectively, the covariation of X with Y is
defined as:

E (Xy<l7—1))

X, Y]y = ——

¥ (6.24)

where for any real number z and @ > 0, the following convention is used 7% =
|z|? sign (z) and sign (-) represents the Signum function.

Aslong as 1 < p < «a, the above definition can be proved to be independent of
the value of p.

Also it follows that

(X, X]o = 72 = 1XIg (6.25)

Y. Yle = vy =Yg (6.26)

The covariation coefficient of X with respect to Y can be defined as

X, vl,  E(Xyh)

Axy = = 6.27
v, E(Y) ©20

forany 1 < p <.
A few important properties of covariation are as follows:

1. If X and Y are independent and jointly S S then [X, Y], = 0, while the converse
is not true in general.

2. When o = 2, i.e., when X, Y are jointly Gaussian with zero mean, the covariation
of X with Y is half of the covariance of X and Y.

3. The Cauchy—Schwartz inequality for any jointly SoS random variables X and Y
hold as |[X, Y| < Xl 1Y 15"

4. The covariation [X, Y], is linear in X, i.e. if X1, X, Y are jointly S S then
[aX1+bX5, Y], = a[X1,Y]y + b[X2, Y]y, holds for any real constants a
and b.

5. In general [X, Y], is not linear with respect to the second variable Y. But the
pseudo-linearity property with respect to Y holds, i.e., if Y7, Y> are indepen-
dent and if X, Yy, Y» are jointly SaS then [X, aY; + bY>], = a'*~V [X, ¥i],
+ b~ [X, Y],, holds for any real constants a and b.

6.2.3 Parameter Estimation for Symmetric Stable Distributions

Symmetric stable distributions are parameterized by three variables, viz., the char-
acteristic exponent «, dispersion y and location parameter a. A problem of practical
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interest is to estimate these parameters from a measured sequence of a S S random
variable. Since a closed form density function for most of the Sa.S random variables
do not exist, most methods of statistics like the MLE, etc. fail in this case. Suboptimal
numerical methods are generally used in practice to deal with this problem.

6.2.3.1 Method of Maximum Likelihood

The standard symmetric stable density function is given by Zolotarev (1986):
/2
fo (X) = ﬁx“(“*) / v (@) e O 3G9 fora £1, x>0 (6.28)
—alm

0

where v (0) = m cos [(a — 1) 0] (cos )/ @=D

Moreover,
1
= 6.29
i) = (6.29)
1
Jo (0) = ;F (e +D/a) (6.30)
fo(x) = e 6.31)
27w ’
Thus the three parameters «, a,c can be estimated from the measurements
X1, X2, ..., Xy by maximizing the log likelihood function
N N
> loglfu (zi)] =nloga —nlog(@— x4+ Y (logz)/(@—1)
i=1 i=1
N /2
af(e—1
+> log / vy e s O gg (6.32)
i=1 0

where z; = |x; — al/c.

Further details can be found in Brorsen and Yang (1990) and Georgiou and
Kyriakakis (2006).
6.2.3.2 Method of Sample Characteristic Function

The sample characteristic function is defined as

1 N
b= ;exp (jtxe) (6.33)
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where N is the sample size and xp, ..., xy are the observations. It is a consistent
estimator of the true characteristic function that uniquely determines the density
function. The regression method of (Koutrouvelis 1980, 1981) is based on the fol-
lowing relations between the characteristic function of a S«S distribution and its
parameters

log (— log |¢ (t)|2) = log (2¢*) + a log |¢| (6.34)
and
Im ¢ (¢
me® _ nar (6.35)
Re ¢ (1)

From (6.34) the parameters « and ¢ can be estimated from linear regression as

Vi=u+awg+eéer, k=1,2,...,K (6.36)
where y¢ = log (—log ¢ (1) |?) , 1 = log (2¢%), wy = log |#]
ex, k=1, ..., K represent error terms which are assumed to be independent and
identically distributed with zero mean. ?1, ..., tx denote an appropriate set of real
numbers.

Similarly, the location parameter a can be estimated by linear regression as:
Zk=aur +ep, |=1,2,...,L (6.37)

where z; = Arctan (Im (¢ (uy))/Re (¢ (ux))) and uy, ..., u; are an appropriate
set of real numbers. The error terms &; are again assumed to be independent and
identically distributed with zero mean. The whole process is iterated and termination
occurs when some pre-specified convergence criteria are met.

6.2.4 Estimation of Covariation

The covariation and the covariation-coefficient play an important role in signal
processing with SaS random variables. Thus unbiased and efficient estimators for
these are of great significance. In most cases, the covariation-coefficient A xy is gen-
erally required and the value of the covariation [X, Y], itself is not necessary. The
following methods can be adopted for estimation of the covariations.

6.2.4.1 Fractional Lower Order Moment Estimator

For the independent observations (X1, Y1), ..., (X,, ¥,), the FLOM estimator is
given by:
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SN X Y17 sign (Y)

B = :
FLOM vazl TG (6.38)
for some 1 < p < «. For computational efficiency, p = 1 gives
~ SN X sign (Y;)
AFLOM = = ——x (6.39)

SNy

6.2.4.2 Screened Ratio Estimator

A consistent estimator for covariation coefficients was proposed by (Kanter and
Steiger 1974). Assuming X and Y are random variables satisfying E (|X|) < oo
and E (X|Y) = AY for some constant A. For 0 < c1,c; < 00, defining a new
random variable yy from Y we have

1 ifa <Y <e
Xy = {O otherwise (6.40)
Then,
E [(XY_IXY)/P (e < Y| < cz)] — (6.41)
For independent observations (X1, Y1), ..., (Xn, Yn), the following estimator
for A is strongly consistent
—~ ZIIVZI (XiYi_lXYi)
ASR = (6.42)

N
D1 Xy,

3:5 r converges to A almost surely as N — oo where X, Y; are independent copies
of X and Y respectively. Asg in (6.42) is called the screened ratio (SR) estimator of
A. The constants ¢y, ¢, are arbitrary and generally c; is taken to be infinite.
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Chapter 7
MATLAB Based Simulation Tools

Abstract This chapter mentions several MATLAB based toolboxes and codes which
can be used to simulate fractional order signals and systems in general. Most of the
toolboxes are in public domain and are freely accessible by any user. The reader
can use these tools for simulation right away to get a feel of fractional order signal
processing. These tools can also be the building blocks for simulating more complex
systems during research.

Keywords MATLAB - Simulink - Ninteger

7.1 Numerical Tools for Fractional Calculus

Numerical solution of the differ-integration can be done by different methods. Numer-
ical solution of fractional order differential or integral equation can be cast as a closed
form solution with Mittag-Leffler function and its variants. Podlubny’s MATLAB
code using two parameter Mitag-Leffler function (Podlubny 2009) has been general-
ized for four parameter Mittag-Leffler function and the MATLAB code is available
in Monje et al. (2010), Sect. 13.1 using ml_func().

Finite difference approach of fractional differ-integrals which is known as the
Grunwald-Letnikov definition can be numerically evaluated using the function
glfdiff{) in MATLAB as outlined in Monje et al. (2010), Sect.13.1 and Xue and
Chen (2009). Symbolic computation of fractional differ-integration with Caputo’s
formula has also been given in Monje et al. (2010), Sect.13.1. MATLAB based
closed form solution of n-term linear fractional differential or integral equations can
be evaluated using the function fode_sol(), by Grunwald—Letnikov definition.
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7.2 Simulation of FO LTI Systems

Fractional LTT systems can be simulated using the MATLAB based commercial soft-
ware package CRONE toolbox (Oustaloup et al. 2000). Valerio has made a MATLAB
based open source toolbox for simulating fractional order LTI systems known as
Ninteger toolbox (Valerio 2005). Ninteger toolbox mainly covers continuous and
discrete time realization of FO systems in MATLAB and Simulink, fractional order
system identification by frequency domain technique, fractional PID controller
design, calculating two-norm and infinity-norm of FO systems, etc. Simulink blocks
for simulating fractional differ-integrals and fractional PID controllers are available
in Ninteger toolbox. The blocks can be customized with chosen order of approxi-
mation, frequency range of fitting, discretization formula and expansion technique.
Xue, Chen and Atherton in their book (Xue et al. 2007) has illustrated an object
oriented method for simulating fractional order linear systems in their FOTF toolbox
which is similar to MATLAB’s control system toolbox. This toolbox has evolved
over time with added functionalities and can be found at Yang Quan et al. (2009);
Xue and Chen (2009); Monje et al. (2010). With the function overloading capability
of MATLAB, transfer function simulation, series and parallel connection, feedback
control, time and frequency response, evaluation of system norms, adding time delay
in the model, etc. can be easily done for FO systems as well, with the same commands
of MATLAB'’s control system toolbox.

7.3 Rational Approximation of FO Differ-integrators

FIR and IIR realization of FO differ-integrators by direct discretization using numer-
ical techniques is discussed in Monje et al. (2010), Chap. 13. Indirect discretization
from continuous time filter approximations like Oustaloup’s, modified Oustaloup’s
can also be found in the same chapter using the functions ousta_fod() and new_fod()
(Xue and Chen 2009).

Numerical issues regarding the effect of choosing different s to z plane mapping
formula (generating function) as discussed in Chap. 2 can also be found in Monje et
al. (2010), Sect. 12.2 and the references therein. MATLAB and Maple based codes
are available for CFE based digital realization in Chen and Vinagre (2003); Chen et
al. (2004). MATLAB codes for step and impulse response invariant discretization of
FO differ-integrators are discussed in Monje et al. (2010), Sect. 12.2.

Hj norm based sub-optimal model reduction for fractional order transfer function
models are given in Monje et al. (2010), Sect. 12.4 and Xue et al. (2007) using the
function opt_app(). Impulse response invariant discretization of distributed order and
fractional second order filter has been developed by Sheng (2010).
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7.4 Fractional Fourier and Wavelet Transform

Bultheel and Martinez Sulbaran (2004) have implemented different FrFT, discrete
FrFT and sine and cosine transforms in MATLAB. Digital watermarking of images
using fractional Fourier transforms have been implemented as MATLAB codes in
Bultheel (2007).

The fractional Spline Wavelet Software for MATLAB has been developed by
Blu and Unser (1999). This software enables Wavelet based frequency domain
analysis and synthesis of low-pass and high-pass filters with various customiza-
tions, frequency domain computation of fractional Spline autocorrelation function.
FFT based computation of Wavelet and inverse Wavelet transform can also be done
with this toolbox.

7.5 Fractional Kalman Filter

Sierociuk has developed a discrete time fractional order stochastic state space system
in Simulink using s-function in his Fractional State-Space Toolkit (FSST) (Sierociuk
2005). The toolbox also enables simulation of fractional order state estimators with
disturbance, popularly known as Fractional Kalman Filter (FKF).

7.6 System Identification

MATLAB based frequency domain FO system identification can be done with
Ninteger toolbox functions (Valerio 2005) and time domain FO system identification
with CRONE toolbox functions (Oustaloup et al. 2000).

7.7 Hurst Parameter Estimators

Hurst parameter which is a measure of self-similarity of stochastic variables can be
estimated by different estimators like R/S analysis, absolute value method, aggre-
gated variance method, periodogram method, modified periodogram method, differ-
ence variance method, Higuchi’s method, residuals of regression method, etc. Chen
(2008) has developed MATLAB codes for estimating Hurst parameter with the above-
mentioned methods.

Other Hurst parameter estimation techniques may include Wavelet estimator and
Whittle estimator whose MATLAB implementation can be found at Veitch (2007)
and Taqqu. A Java based self-similarity estimator known as Local Analysis of Self-
Similarity (LASS) can also be found in Stoev et al. (2006).



100 7 MATLAB Based Simulation Tools

7.8 Miscellaneous

The mGn is the output of a variable order integrator driven by white noise. The
MATLAB based simulation tools for variable order integrator has been developed
by Hongguang (2010). ARFIMA code is available at Fatichi (2009). Linear fractional
stable motion and FARIMA time series can be generated using FFT based method
as in Stoev and Taqqu (2004).

Stable distributions can be simulated using software developed by Nolan (2000).
Itis possible to calculate stable densities, cumulative distribution functions and quan-
tiles using this software. It also has stable random number generation and maximum
likelihood estimation of stable parameters using a fast three-dimensional cubic Spline
interpolation of stable densities. Software for calculating multivariate stable densi-
ties can also be found in Nolan. MATLAB code for simulating Levy and «-stable
distributions can be found in Veillette (2009). A detailed review on other available
MATLAB, Mathematica and different software packages for simulating fractional
calculus related problems can be found in Machado et al. (2011).
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